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I. INTRODUCTION 
The behavioral relations among technical change, factor 
shares, the elasticity of substitution between factors of pro­
duction, and economic growth have been spelled out theoreti­
cally by Hicks in his well-known Theory of Wages (21). 
Recently, Bruton (10) and Fellner (14) have revived his ideas. 
Technical change is defined by Solow (57) as shifts in 
the production function. It enables a firm to produce a given 
level of output with less inputs or to produce a greater level 
of output with a given set of inputs. The increment of total 
output which is not attributable to the factors which contri­
bute to the production, i.e., the residual after the distri­
bution of income, is due to technical change. Then, how will 
the residual be allocated when technical change occurs? Will 
labor's share increase or decrease after technical change? 
These questions may be answered by following Hick's proposi­
tions . 
Assume that the state of technique is constant. When the 
stock of capital is growing faster than the labor force, the 
prices of capital relative to that of labor declines, and the 
substitution of capital for labor takes place along a given 
isoquant. More goods which require much capital will be 
produced, and more known capitalistic methods which did not pay 
previously will come into use. But as capital continues to 
grow relative to labor the more advantageous applications will 
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be used up. Eventually, the elasticity of substitution will 
fall below unity, the share as well as the marginal productiv­
ity of capital will be dragged down, and those of labor will 
be pushed up. Ultimately, the profit rate will decline, and 
investment will dry up. The economy will, then, lead to the 
"stationary state." 
Bruton (10) and Pellner (14) have asserted that in order 
to prevent the elasticity of substitution falling below unity, 
to keep the share and the marginal productivity of capital 
from declining, and to check the sweeping rise of labor's 
share, the rate of technical change must be not only suffi­
ciently great enough to shift the production function so as 
to keep the diminishing returns to capital from setting in, it 
must also be labor-saving in the Hicksian sense to utilize the 
increased capital and to raise the productivity of capital. 
In observing the sources of economic growth, many econo­
mists argued, especially in the late 1950's, that the major 
part of the increase in the productivity of labor in the 
United States manufacturing over the past half century has re­
sulted from technical progress and only a small part of the in­
crease in the labor productivity has been attributable to the 
increase in capital. Massell (32) even concluded that econo­
mists need to shift their emphasis from the theory of capital 
to the theory of technical progress as an explanation of eco­
nomic growth. This view was later revised, and some weight 
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was given back to capital formation. Because most improve­
ments in technique are likely to be embodied in the new capital 
stock, technical progress requires a positive rate of gross 
investment. 
Given resources, then, how should a decision-maker 
allocate them between the improvements of technique and the 
expansion of capital stock? In answering this question, many 
attempts have been made to apportion the increase in total 
output per unit of labor due to the increase in capital and 
that due to technical progress. In order to measure the 
rate and types of technical change, to segregate the incre­
ment in total output between increase in capital and technical 
progress, and to investigate the behavior of the elasticity 
of substitution in response to changing relative supply of 
capital and labor, a specification of the form of production 
functions is indispensable. Although Solow (57, p. 317) 
maintains that a specific form of production functions is not 
used in his estimation of technical change in the U.S. economy 
from 1909 to 1949, Hogan (23, p. 411) later has pointed out 
that the equation Solow used is essentially of a Cobb-Douglas 
form. 
Many algebraic forms can be used to represent production 
functions. In aggregate models the simplest form is the 
fixed coefficient production function, where the factors of 
production are combined in a fixed proportion. The elasticity 
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of substitution is zero. 
Traditionally the Cobb-Douglas function has been widely 
used and has been considered the most appropriate form to 
represent production functions. Recently, however, the 
validity of the Cobb-Douglas function has been questioned; the 
underlying assumption that the elasticity of substitution is 
unity is too restrictive in the empirical as well as the 
theoretical applications. 
Arrow, Chénery, Minhas, and Solow (hereafter abbreviated 
SMAC) have derived a CES (constamt elasticity of substitution) 
production function, which is less restrictive and a much 
more fruitful approach. It allows the elasticity of substi­
tution to assume any values ranging from zero to infinity. 
However, the theoretical basis of the formulation of the CES 
function is rather weak. Moreover, the CES production function 
is also subject to the restriction or limitation that the 
value of the elasticity of substitution is constant, although 
not necessarily unity. 
The three foirms of production functions are most widely 
used in the aggregate models. But the underlying assumption 
that the elasticity of substitution is constant is too limited 
in the applications of these functions on the study of the 
behavior of the elasticity of substitution in response to the 
changing relative supply of capital and labor. We need a more 
general form of production functions which allows the elasticity 
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of substitution to vary as the relative supply of capital 
and labor changes. 
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II. PRODUCTION FUNCTIONS 
A production function expresses the relation between the 
maximum level of output and the inputs required to produce 
that level of output. It is defined as a mathematical relation 
expressing the maximum level of output attainable from any 
given sets of inputs, given the state of technique. 
A production function is a convenient and useful tool in 
many fields of economic analysis. It serves as a basis for the 
analysis of economic growth and the determination of optimum 
patterns of international or interregional trade and provides 
a framework for the measurement of technical change and the 
study of the behavior of relative factor shares. 
There is a wide choice of algebraic forms which can be 
used to represent production functions. In aggregate models 
the simplest form is the fixed coefficient production function, 
which is represented by rectangular isoquants with constant 
returns to scale. In this mou^l, there is no opportunity for 
changing relative factor inputs; the elasticity of substitution 
between factors of production is zero. This is an extremely 
specialized form, but its simplicity explains its extensive 
use in many models, such as the well-known Harrod-Domar model. 
Probably the most popular production function is the Cobb-
Douglas function, which is of the form 
( 2 . 1 )  V  =  y K ^ L -
where V: output 
7 
K; capital input 
L: labor input 
a,6,Y: parameters . 
Since its introduction in 1928, no single form of production 
functions has ever enjoyed quite the same popularity. It is 
simple to explain and easy to fit the logarithmic form of 
the function by the regular regression method. Moreover, it 
has the following attractive theoretical properties: 
1. The exponents of labor (a) and capital (3) inputs 
represent the elasticity of production with respect to labor 
and capital, respectively. 
2. The function is homogeneous of degree a+$. If a+3 is 
greater than unity, there are increasing returns to scale; 
a+3 = 1 indicates constant returns to scale; and a+3 less than 
unity represents decreasing returns to scale. 
3. The marginal physical productivity of an input is 
positive but declines, if the elasticity of production of 
that factor is less than unity, as the input is increased. 
For example, the second partial derivatives of V with respect 
to L is 
^ = a(a-l) ^  
which is negative if a<l. 
4. The marginal rate of substitution of labor for 
capital is aK/3L, and thus the elasticity of substitution be­
tween capital and labor is unity (64). 
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The Cobb-Douglas function has had a long and successful 
life without serious rivals. But recently the validity of the 
Cobb-Douglas function has been questioned. 
Empirically much evidence has shown that the technical 
constraints on the production allow considerable freedom of 
choice. Capital and labor can be substituted for each other 
in varying degrees. It is unlikely that the substitutability 
is uniform in different sectors and in different industries. 
The value of the elasticity of substitution is not necessarily 
restricted to unity. SMAC (2) estimate that the elasticity 
of substitution is 0.569 for the U.S. non-farm sectors, 
Kendrick and Sato (27) estimate 0.58, and Kravis (29) 0.64 for 
the entire U.S. economy. 
Theoretically, the Cobb-Douglas function has been 
strongly challenged by a new production function—a CES 
production function—introduced by SMAC. 
The CES function is derived on the basis of the good fit 
of a linear logarithmic function of the following type to 
observations on value added per unit of labor and the wage 
rates (2, pp. 225-28); 
(2.1) log V/L = log a^ + b^^ log W + e^ 
where W: wage rate 
^I'^l* parameters 
a random variable. 
Starting with this empirical relation between labor productiv­
9 
ity and the wage rate, SMAC have derived their function:^ 
_ 1 
(2.2) V = Y[5K~P + (1-6) L~^] P 
where p: the substitution parameter 
6 : the distribution parameter 
Y : the efficiency parameter. 
This function is linear and homogeneous, i.e., there are 
constant returns to scale. The efficiency parameter y changes 
output for given quantities of inputs; the distribution para­
meter 6 (0£ô£l) determines the division of factor income. 
The substitution parameter p is a transform of the elasticity 
of substitution (a) , thus; o= . 
By choosing appropriate values for a the CES function can 
be specialized to the fixed coefficient and Cobb-Douglas 
forms. As a approaches unity (i.e., p approaches to zero), 
the CES function approaches the Cobb-Douglas form. When a 
approaches zero (i.e., p approaches to infinity), the CES 
function approaches the fixed coefficient function. Therefore, 
the CES production function includes the Cobb-Douglas and 
fixed coefficient functions as special cases. Since the 
introduction of the CES function in 1961, many theoretical as 
well as empirical studies in production, distribution, technical 
change, international comparison of efficiency, and growth have 
^Brown and de Cani (S) later derived the same function 
directly from the definition of the elasticity of substitution. 
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used the function as derived originally. Examples include 
the contributions by Brown (5,6), Brown and de Cani (7,8), 
Brown and Popkin (9), Kendrick and Sato (27), Kmenta (28), 
McCarthy (34,35), McFadden (36), McGuire (37), Minhas (41), 
Pitchford (46), Resek (48), Sato (51) , Thornber (59) , and 
Uzawa (63) . 
Paroush (45) has extended the CES function to homogeneous 
of degree n, where n is not necessarily equal to unity. This 
function allows increasing amd decreasing returns to scales. 
It is of the form 
_ n 
V = y15K"P + (1-Ô) L"P] P 
where n is the degree of homogeneity. 
The CES function also has been extended to more than 
two factors of production. Uzawa (63) has extended the CES 
function to the n factor case, which is of the following form: 
V = f (Xj^ , ... ,x^ ) 
_ 1 
where a^(i=l,2,...,n) is a positive constant and the parameter 
p is greater than -1. This function is homogeneous of degree 
one and has partial derivatives of any order. The elasticity 
of substitution of any pair of factors of production is 
constant, identical, and independent of factor prices. Since 
identical partial elasticity of substitution might not repre­
11 
sent a realistic situation, Dhrymes and Kurz (12) and Mukerji 
(42) have proposed a more general version of the CES function, 
which is of the form 
1 
n -P,. - p 
= T( I ot.x. ^) 
i=l ^ ^  
It has been shown that the function has a property of constant 
ratios of elasticity of substitution. Dhrymes and Kurz have 
used this function to isolate the impact of technical progress 
on electric generation. 
Possibly the weakest point of the CES function is that 
the SMAC formulation assumes "the existence of a relationship 
between V/L and W, independent of the stock of capital" 
(2, p. 231). If we take capital per unit of labor (K/L) as 
the capital variable, the SMAC assumption implies that the 
partial regression coefficient of log K/L is zero. If this 
assumption does not hold, the regression coefficient of log 
W in equation (2.1) may not represent the true value of the 
elasticity of substitution. 
The CES function is also subject to the restriction or 
limitation that the value of the elasticity of substitution 
is constant, although not necessarily unity. However, when 
the capital/labor ratio varies due to changes in the factor 
price ratio, it is possible that the elasticity of substitu­
tion does not remain constant. It would be more desirable for 
the production function to possess a property such that the 
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elasticity of substitution could vary as the capital/labor 
ratio varied. 
After the author derived a new form of production func­
tions, Revankar (49) proposed a variable elasticity of substi­
tution production function. He started with the hypothesis 
that the elasticity of substitution is a linear function of 
capital and labor; thus 
0 - a(K,L) 
= 1 + iE#p VL . 
Based on this hypothesis, he proposed a production function of 
the form 
V = [L + (p-l)K]*^P 
where a,6,p, and y are parameters. This function includes the 
fixed-coefficient function and the Cobb-Douglas function as 
special cases, but, unfortunately, it does not include the 
CES function as its special case. There is no smooth transi­
tion between this function and the CES function. 
Although much effort has been made to generalize the 
CES function, its fundamental weakness and limitation—the 
basic assumption made in the -privation of the CES function 
and the constancy of the elas c i -j, of substitution—still re­
main: intact. 
The objectives of this study are: 
1. To attempt to derive a more general form of production 
13 
functions which (a) does not depend upon the SMAC assumption 
of independence in its formulation, (b) includes the CES 
function as a special case, and (c) has the property of 
variable elasticity of substitution; 
2. To examine the theoretical properties of the new 
production function; 
3. To show under what conditions the elasticity of sub­
stitution estimated by the CES function is the same as that 
of the new function; 
4. To test the desirability of using the new function; 
5. To investigate the behavior of the elasticity of 
substitution in response to the changing relative supply of 
capital and labor; 
6. To formulate different alternative methods of esti­
mating the parameters of the new function; 
7. To measure technical change in seven three-digit U.S. 
Food and Kindred Products Industries with the new function; 
8. To apply the new production function to the study of 
the behavior of relative factor shares in the Food and Kindred 
Products Industries. 
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III. A GENERALIZATION OF THE CES 
PRODUCTION FUNCTION 
A. Derivation of the New Production Function 
Hildebrand and Liu (22, p. 35) have suggested that "If one 
relies upon the goodness of fit of an empirical relationship as 
the initial basis for deriving a theoretical one, as Arrow, 
Chenery, Minhas, and Solow did, one probably would have to 
consider the three-variable relationship (V/L/ W, and K/L) as 
better established than the two-variable one (V/L and W)." 
Therefore, we begin with the following relationship: 
(3.1) log V/L = log a + b log W + c log K/L + e 
where c is a constant and the other notation is the same as 
before. When the production function 
(3.2) V = F (K,L) 
is homogeneous of degree one, we may rewrite (3.2) in 
(3.3) V/L = F (K/L, 1) . 
Set V/L = Y 
and K/L = X. 
Then, we have 
(3.4) Y = f (X) 
or (3.5) V = Lf(X) . 
Let W be the wage rate with output as the numeraire. If both 
labor and product markets are competitive, then (2, p. 228) 
(3.6) W = f (X) - Xf • (X) 
or (3.7) W = Y - X 2%. 
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and r = f ' (X) 
where f'(X) is the marginal product of capital, f(X) - Xf'(X) 
the marginal product of labor, and r the returns to capital. 
By substituting (3.7) into (3.1), we get the following 
differential equation; 
dY (3.8) log Y = log a + b log (Y - X ^ ) + c log X. 
Solving for ^  results in 
(3.9) S = I - «X ^ 
- k 
where a = a ^ . 
Since the differential equation is non-linear, it is difficult 
to solve. But by letting 
1- è 
Z = Y 
we can transform the non-linear differential equation into a 
linear equation; ^ 
(3.10) g + 1 z = a X ^ \ 
The solution of (3.10) gives 
i _ 1 1-b-c 
(3.11) X^ Z = anX ^ +6 
c , 1 
or (3.12) Z = anX * + GX 
1-b 
where n = 1—b—c 
and 3 is the constant of integration. By transforming Z back to 
Y, we obtain the new production function 
16 
£ b-1 b 
(3.13) Y = [anX ^ + BX ^ 
b-1 
or (3.14) V = [3K ^ + an(#) " L ] 
c b-1 b 
b , b ,b-l 
Written in the SMAC notation, (3.14) becomes 
(3.15) V = [3K"P + an(^ )''°^ '^''P^ L"P]  ^
where p = g- 1. 
By setting a = (1-6)y ^ 
B = ÔY -p 
we obtain 
(3.16) V = Y[6K"P + (l-6)n l"P] ^ . 
This production function has the same form as the CES 
function except that L ^ is multiplied by 
^ -c(l+p) 
(3.17) Ti(|) . 
Obviously, if c is equal to zero, (3.17) becomes unity and the 
new function reduces to the CES function; therefore, the new 
function is a more general form which includes the CES function 
as a special case. 
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B. Theoretical Properties of the 
New Production Function 
The new production function has the following theoretical 
properties: (i) positive marginal products, (ii) downward 
sloping marginal product curves over the relevant ranges of 
the inputs, (iii) linear homogeneity (i.e., constant returns 
to scale), and (iv) variable elasticity of substitution. 
Moreover, it includes the CES function as a special case. 
The marginal products of capital and labor can be obtained 
from (3.7) and (3.9) : 
= & (V - In -
(3.19) |ï=Y- x | |  
c 1 
= aX ^  . 
It is obvious that the marginal product of labor is positive. 
Since V and • L are positive, and the total product (V) is 
always greater than labor's share (^ • L), the marginal 
product of capital is also positive. 
By taking the partial derivative of (3.19) with respect 
to L, we get 
2„ -g. h - 1 
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It will be shown later in (3.26) that 
X | | - O Y > 0 .  
9^V Hence, we get —? <0. 
3L^  "" 
Therefore, the marginal product of labor slopes downward. 
J. -c(l+p) 
The addition of n(jj-) in the new function does not 
disturb the property of homogeneity. It can be readily shown 
that the new production function has the property of first 
degree homogeneity such that 
F(tK, tL) = tF(K,L) 
2 
where t is a constant. 
2 When the production function (3.2) is homogeneous of 
degree n, then 
Ï =F(|, 1). 
ll 
By setting ^  = Y 
and ^ = X 
the production function can again be rewritten in the form of 
(3.4). If both.product and labor markets are competitive, then 
W = (nf - Xf). 
w Set W* = j_n-l • 
Then we have 
W* = nf - Xf 
dY 
or W* = nY - . 
ax 
(footnote continued on following page) 
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The elasticity of substitution (a), according to Hicks 
(21, p. 117) is a measure of the ease at which the varying 
factor can be substituted for others. It is defined as the 
proportional change in the factor ratio in response to a 
(footnote continued from preceding page) 
Let us start with the following empirical relationship between 
Y, W* and X; 
log Y - log a + b log W* + c log X. 
Then inserting the value of W* into the above relationship re­
sults in the following nonlinear differential equation: 
log Y = log a + b log (nY - X^) + c log X. 
Following the same procedure as in Section A to solve the 
differential equation, we obtain^ 
V = [PK"''* + 
. 1 
where a = a b . 
1-b n* = 
n(1—b)-c 
P* = n(gr - 1) 
and u = 
- Pi 
By letting 3 = ^ 
_ Pi 
and a = (1-6) y ^ n 
we get V = y [ôK + (1-6) n*(^) ^ 
It can be readily shown that this productidn function possesses 
the property of h-th degree homogeneity such that 
F(tK,tL) = t"^ • F(K,L) . 
Since the degree of homogeneity is characterized by the para­
meter n, which can assume any value whatsoever, the function 
may represent any degree of homogeneity. 
This function reduces to the new function homogeneous of 
degree one when n is unity. When c = 0 and n = 1, it leads to 
the CES function. 
20 
proportional change in the marginal rate of substitution 
between the two factors. Symbolically, it is written as 
(3.20) a = ^  ^  
where R is the marginal rate of substitution of labor for 
capital; 
« = - S = • 
It has been shown by Allen (1, pp. 341-43) that 
V^V- (KV„ + LV^ ) 
<3.21) a = ^ ^ K L T 
where T = - Vj,^ - 2 v/) 
and the variable with subscript(s) denotes the partial deri­
vative (s) of that variable with respect to the subscripted 
variable(s). When the production function is linear and 
homogeneous, cr reduces to the following simpler form: 
(3.22) a = . 
The cross second-order partial derivative can be obtained by 
taking the partial derivative of (3.19) with respect to K; 
(3-23)  1%: = bTE ^  ^  ^  -
Substituting the results of (3.18), (3.19), and (3.23) into 
(3.22) yields 
(3.24) a = ^ 
1 - #' 
or (3.25) a = 
l-c(l+|) 
21 
where b and c are assumed to be non-negative. Since a is non-
negative in the empirically relevant range of the capital/labor 
ratio/ it follows that 
1 - > 0 
or (3.26) Xf' - c f > 0 
av 
and c < ^  = . 
The relative share of capital is less than unity, and thus c 
is less than unity. 
Since R is a function of X, moving along an isoguant, 
the elasticity of substitution varies with changes in capital/ 
3 labor ratios. Therefore, the elasticity of substitution is 
not a constant, but a function of the capital/labor ratios. 
Hence, we term the newly-derived function the variable 
elasticity of substitution production function (hereafter 
abbreviated as the VES production function).^ 
The first-order condition for minimum cost under pure 
competition is 
R = W/r. 
3 The explicit form of R as a function of X will be dis­
cussed in the following paragraphs. 
4 Revankar (49) has proposed a VES function with the 
elasticity of substitution as a linear function of the capital/ 
labor ratio. But, his VES function does not include the 
CES function as a special case. Sato (51,52) also has proposed 
a production function with linear elasticity of substitution. 
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Substituting the value of R into (3.25) gives 
which can be used to estimate a empirically. 
It is probably easier to grasp the concept of the elasticity 
5 
of substitution by considering the substitution function, which 
relates the capital/labor ratio and the marginal rate of substi­
tution. The elasticity of the substitution function measures 
the elasticity of substitution, and thus the elasticity of 
substitution can be read off the substitution curve in the same 
way that the elasticity of supply is read off a supply curve. 
From the definition of the elasticity of substitution, 
we have 
(3.28) 
where a is a function of X. Inserting the value of a in (3.25) 
into (3.28) yields 
dR _ 1-c R c R^ 
dX b * X " b * 2^ 2 * 
The substitution function was first introduced by Lerner 
(31, pp. 68-71). But he proposed that the capital/labor ratio 
is a decreasing function of the marginal rate of substitution, 
which is contrary to our proposition. If we had defined the 
elasticity of substitution as 
a = -
we would have derived the same result. Ferguson (16, pp. 145-46) 
also suggests that "there is an inverse or negative relationship 
between the marginal rate of technical substitution and the 
capital-labor ratio." He defines the elasticity of substitution 
as shown above with a negative sign in the text, but in the foot­
note he defines the elasticity of substitution as shown in (3.20) 
without a negative sign. 
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The shapes of the substitution functions are shown in 
Figures 1, 2 and 3. Figure 1 shows the substitution functions 
of the CES case with the Cobb-Douglas as a special case. The 
substitution function in the CES case is an exponential 
function; the curve increases at an increasing or decreasing 
rate with an increased X, depending upon whether the value 
of a is less than or greater than unity. Given a curve every 
point on that curve has the same elasticity. When a = 1, 
i.e., the Cobb-Douglas case, the substitution function is a 
straight line through the origin, indicating unitary elasticity 
of substitution throughout the line. In the case of the VES 
function, every point on a given curve has a different elas­
ticity; the elasticity varies with X. 
By inserting the value of R in (3.32) into (3.25), we get 
(3.34) a = = 
l-c(l + ^ ) 
where A = b 
and ^ X^ - B = ^  is positive. 
Equation (3.34) indicates that a is an explicit function of X. 
By taking the derivative of a with respect to we obtain 
25 
The capital/labor ratio 
Figure 1. The substitution functions of the CES function 
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The capital/labor ratio 
Figure 2. The substitution function of the VES function 
with b + c >1 
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The capital/labor ratio 
Figure 3. The substitution function of the YES function 
with b + c < 1 
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do _ A 3 b c 
7? 
where G = 1 - c (1 + ^ ) . 
If A ^  0, then ^  = 0. Therefore, the effect of changes in X 
on a depends on A, or equivalently the parameters b and c. If 
b + c > 1, the value of a declines with increased X and 
approaches r which is greater than unity, as X increases 
without limit. The value of a is independent of X when 
H b + c= l. If b + c < 1, the value of a increases from r 
which is lesS" than unity, to unity as X increases from zero 
to infinity. Figures 2 and 3 represent, respectively, the 
cases of b + c > 1 and b + c < 1. 
C. Comparison of the Elasticity of Substitution 
Estimated by the CES Function and by the VES Function 
As mentioned above, the crucial assumption SMAC made in 
deriving the CES function is that the partial regression 
xr 
coefficient of log — is equal to zero. If the assumption does 
not hold, then the regression coefficient of log W (i.e., b^^) 
obtained by fitting equation (2.1) may not represent the true 
elasticity of substitution. In other words, the estimated 
elasticity of substitution from the SMAC function is biased. 
For convenience, let a logarithm of a variable be denoted 
by a prime of the variable. Then, (2.1) and (3.1) can be re­
written in 
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(3.35) Y' = aj + W + 
(3.36) Y' = a' + b W + c X' + e . 
The least squares estimates of b^, b and c give 
(3.37) b^ = % 
and (3.38) (g) = 
llw^ SVTX 
2wx Sx^ 
-1 Zwy 
_Sxy_ 
where the lower case letter denotes the deviation of the 
logarithmic variable from its mean of the respective variable. 
I 
Substituting (3.37) into (3.38), we have 
É-
(3.39) b = ^1 ~ '^wx ^xylZw^ 
1 - r 
and 
(3.40) c 
wx 
E. jtx^ ^^xy " ^wx ^wy^ 
1 - r 
wx ' 
where the r's are correlation coefficients between the sub­
scripted variables. 
If b = b^, then, from (3.39) , we get 
R 
"l 'wx = V ' 
2 By substituting b^^ = Zyw/Zw into the above equation, we get 
r = r * r • 
xy wx wy 
On the other hand, if 
^xy ^wx * ^wy 
30 
then substituting this relationship into (3,39) results in 
h _ 'wyj Sw^  _ bj^  (1 - ) _ 
Therefore, we obtain the result that b^ = b if and only if 
r^y = ï"^2j*^wy* is apparent from (3.40) that c = 0 if 
and only if r „, = r r Consequently, we conclude that 
xy wx* wy •' 
c = 0 if and only if b^ = b. 
From (3.27) or (3.34) it is obvious that a will be equal 
to b if c is equal to zero. It follows that c = 0 implies 
that a = b^. That is, the elasticity of substitution esti­
mated by the VES function and the CES function will be identi­
cally equal under the condition that the partial regression 
coefficient of log =- turns out to be zero. Jj 
D. Tests of Hypothesis 
1. The data 
To test the null hypothesis that c = 0, U.S. census data 
for 1957 on 17 two-digit manufacturing industries were used 
for the regression analysis. The data were obtained from 
Appendix I in Manufacturing Production Functions in the United 
States, 1957, by Hildebrand and Liu (22). They cover output, 
labor, and capital variables as follows; 
V; Value added in dollars in 1957. 
K : Gross book value (owned) of plant and equipment at 
" the beginning of 1957 in dollars. 
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K ': Gross book value (owned plus rented) of plant and 
^ equipment at the beginning of 1957 in dollars. 
K : Gross book value minus accumulated depreciation and 
depletion. 
L; Employment (production workers and nonproduction 
employees). 
Lp: Employment of production workers. 
W: Average wage and salary rate for production workers 
and non-production employees in dollars per man-hour. 
W : Average wage rate for production workers in dollars 
^ per man-hour. 
2. Methods and procedures 
The above-mentioned data were used to fit the following 
regressions for each of the 17 industries; 
(3.41) log V/L = log a^ + b^^ log W + e^ 
(3.42) log V/L = log a + b log W + c log K^/L + eg 
(3.43) log V/L = log a + b log W + c log K^'/L + e^ 
(3.44) log V/L = log a + b log W + c log K^/L + e^ 
(3.45) log V/Lp = log a^ + b^ log + e^ 
(3.46) log V/Lp = log a + b log + c log K^/L^ + eg 
(3.47) log V/Lp = log a + b log + c log K^'/L^ + e^ 
(3.48) log V/Lp = log a + b log Wp + c log K^/Lp + e^ 
The results of the regression analysis are presented in Tables 
1 through 8.® 
Under the assumption that the error term has a normal dis-
Our estimates of the regression coefficients and the 
coefficients of determination are slightly different from those 
of Hildebrand and Liu. However, the general conclusions con­
cerning the significance of the regression coefficient of log 
K/L are the same. 
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tribution, the null hypothesis that the coefficient of re­
gression of log K/L, c, equals zero can be tested by use of t. 
In the regressions of (3.42) and (3.4^) (Tables 2 and 6) 7 out 
of 17 c values are significantly different from zero at the 
5 percent level; and in the regressions of (3.43) , (3.47) 
and (3.48) (Tables 3, 7 and 8) 8 out of 17 c values are dif­
ferent from zero at the 5 percent significant level; and 9 
out of 17 c values in the regression of (3.44) (Table 4) 
differ significantly from zero at the 5 percent level. 
To look at the results in total, we performed the following 
test. Set 5 percent as the level of significance. Then, under 
the null hypothesis that c = 0, the probability (p) of getting 
one c value significantly different from zero is 5 percent. 
The expected mean frequencies of occurrence of significant 
c values in 17 observations (N) will be 
Np = 17 X 0.05 = 0.85. 
Since Np is large relative to p, and N is large relative to Np, 
we may assume that the frequencies of occurrence of c values 
significantly different from zero follow a Poisson distribution. 
The probability of getting 7 or more significant c values out 
of 17 observations is 
^ 0 85^ p(x>7) = 1 - S rr, = 0.0000. 
~ x=0 
Of course the probabilities of getting 8 or more and 9 or more 
significant c values out of 17 observations are also nearly 
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zero. This evidence strongly suggests that the samples were 
not likely drawn from the population in which the c value is 
zero. Therefore, the null hypothesis that c = 0 is rejected, 
and we conclude that c is not equal to zero. 
3. Estimation of the elasticity of substitution 
The elasticity of substitution at any point on an isoquant 
can be calculated by use of the formulas (3.27) or (3.34) . We 
used the mean value of the observed ^  ^ to compute the elas-JU 
ticity of substitution for each industry by (3.27). The 
results are shown in the last column of each of Tables 2,3,4, 
6,7, and 8. 
Table 1. Regressions of log ^  on log W 
Number of c o 
Industry observations b. R^ 
(states) X JL 
Food £ind kindred products 35 1. 667 .385 .363 
Textile mill products 18 1. 355 .238 .669 
Apparel and related products 18 1. 961 .460 .531 
Lumber and wood products 14 1. 462 .102 .945 
Furniture and fixtures 19 1. 925 .192 .855 
Pulp, paper and products 28 3. 026 .986 .266 
Chemicals and products 31 1. 083 .963 .042 
Petroleum and coal products 18 1. 070 1.415 .035 
Rubber products 16 . 997 .341 .222 
Leather and leather goods 15 2. 431 .696 .466 
Stone, clay and glass products 25 1. 209 .386 .430 
Primary metal products 28 1. 310 .499 .231 
Fabricated metal products 32 1. 800 1.975 .031 
Machinery except electrical 25 . 877 .487 .123 
Electrical machinery 22 . 501 .557 .039 
Transportation equipment 26 2. 038 .998 .148 
Instruments and related products 12 1. 515 .404 .584 
Table 2. Regressions of log ^ on log W and log ^  
Industry 
Number of 
observations 
(states) 
b c Sb Sc to R2 a 
Food and kindred products 35 .  930 .715 .408 .220 3. 247** .521 -2 .366 
Textile mill products 18 1. 560 .178 .274 .127 1. 402 .707 3 .305 
Apparel and related products 18 1. 557 .593 .510 .377 1. 573 .598 -2 .166 
Lumber and wodd products 14 1. 335 .055 .247 .098 .  569 .947 1 .610 
Furniture and fixtures 19 1. 986 -.239 .183 .130 -1. 847 .880 1 .212 
Pulp, paper and products 28 1. 065 .259 .719 .043 6. 040** .702 2 .310 
Chemicals and products 31 
.  
761 .277 .877 .100 2. 758** .246 1 .337 
Petroleum and coal products 18 - .  757 .185 1.996 .145 1. 274 .129 -1 .105 
Rubber products 16 
.  
807 .236 .354 .149 1. 582 .283 2 .193 
Leather and leather goods 15 2. 176 .112 1.127 .383 .  293 .469 2 .977 
Stone, clay and glass products 25 
.  
930 .180 .659 .340 
.  
530 .443 2 .053 
Primary metal products 28 1. 285 .144 .484 .093 1. 554 .307 1 .846 
Fabricated metal products 32 
.  711 .275 2.099 .201 1. 368 .098 2 .914 
Machinery except electrical 25 
.  
339 .630 .414 .167 3. 773** .468 -0 .579 
Electrical machinery 22 
.  
465 .714 .426 .183 3. 892** .465 -.670 
Transportation equipment 26 1. 341 .585 .942 .230 2. 540** .335 -2 .296 
Instruments and related products 12 . 964 .560 .446 .276 2. 028* .714 -1 .759 
**. 
indicates P < 0.01. 
* 
indicates P < 0.05. 
Tabla 3. Regressions of log ^ on log W and log 
Number of 
Industry observations 
(states) 
b c Sb Sc t 
c 
R2 a 
Food and kindred products 35 1 .051 .614 .397 .199 3 .083** .509 -5. ,362 
Textile mill products 18 1 .381 .134 .238 .125 1 .072 .693 2. 290 
Apparel and related 
products 18 1 .391 .378 .847 .470 .805 .551 -14. 490 
Lumber and wood products 14 1 .420 .016 .215 .072 .225 .946 1. 495 
Furniture and fixtures 19 2 .099 -.137 .254 .131 -1 .049 .864 1. 537 
PUlp,. paper and products 28 .669 .275 .766 .047 5 .863** .691 1. 563 
Chemicals and products 18 .758 .284 .855 .093 3 .060** .282 1. 358 
Petroleum and coal 
products 18 -.356 .142 .207 .151 .945 .089 470 
Rubber products 16 .750 .298 .330 .119 2 .504* .360 3. 695 
Leather and leather goods 15 2 .513 -.037 .928 .267 -.140 .467 2. 308 
Stone, clay and glass 
products 25 1 .398 -.145 .681 .421 m. .344 .435 971 
Primary metal products 28 1 .274 .125 .489 .089 1 .402 .294 1. 729 
Fabricated metal products 32 -.245 .494 1.901 .176 2 .810** .263 . 684 
Machinery except electrical 25 .425 .584 .422 .169 3 .452** .431 906 
Electrical machinery 22 .115 .600 .507 .223 2 .687** .304 271 
Transportation equipment 26 1 .407 .567 .961 .248 2 .289* .306 . 555 
Instiruments and related 
products 12 .725 .519 .593 .304 1 .707 .686 
' 
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**indicates P < 0.01. 
* indicates P < 0.05. 
Table 4. Regressions of log ^ on log W and log ^  
industry .KjLs 
fstates) 
b c Sb Sc tc R2 a 
Food and kindred products 35 1. 263 1.013 .351 .287 3. 526** .541 -1.298 
Textile mill products 18 1. 561 .205 .289 .167 1. 222 .699 3.982 
Apparel and related products 18 1. 674 .637 .553 .677 . 942 .558 -1.979 
Lumbei: and wood products 14 1. 355 .093 .204 .154 . 609 .947 1.908 
Furniture and fixtures 19 1. 934 -.326 .174 .149 -2. 183 .888 1.034 
Pulp, paper and products 28 1. 209 .373 .734 .065 5. 727** .682 5.397 
Chemicals and products 31 1. 090 .375 .911 .179 2. 099* .172 2.620 
Petroleum and coal products 18 -. 122 .331 1.636 .245 1. 354 .140 -.279 
Rubber products 16 . 924 .375 .328 .191 1. 966* .313 -308.000 
Leather and leather goods 15 2. 445 .024 .725 .133 . 184 .467 2.596 
Stone, clay and glass 
products 25 . 908 .386 .577 .541 . 714 .453 -5.279 
Primacy metal products 28 1. 091 .366 .387 .890 4. 112** .565 4.785 
Fabricated metal products 32 1. 455 .335 1.971 .263 1. 272 .090 18.418 
Machinery except electrical 25 . 724 .729 .326 .133 5. 469** .628 -.868 
Electrical machinery 22 . 598 1.238 .409 .290 4. 265** .509 .309 
Transportation equipment 26 1. 262 1.222 .892 .394 3. 100** .399 .547 
Instruments and related • 
products 12 1. 034 It 036 ,448 ,563 1, 839* .698 
•'^•indicates P £ 0.01, 
•indicates P < 0.05. 
Table 5. Regressions of log ^ on log W_ 
Number of 
observations 
(states) 
Industry R' 
Food and kindred products 35 
Textile mill products 18 
Apparel and related products 18 
Lumber and wood products 14 
Furniture and fixtures 19 
]?ulp, paper and products 28 
Chemicals and products 31 
Petroleum and coal products 18 
Rubber products 16 
Leather and leather goods 15 
Stone, clay and glass 
products 25 
Primary metal products 28 
Fabricated metal products 32 
Machinery except electrical 25 
Electrical machinery 22 
Transportation equipment 26 
Instruments and related 
products 12 
1.543 
2.681 
2.810 
1.646 
2.772 
3.835 
3.820 
3.284 
.789 
2.808 
1.935 
1.902 
2.211 
.997 
2.124 
2.993 
2.999 
.683 
.551 
1.029 
.141 
.322 
.942 
1.170 
2.262 
.526 
.497 
.502 
.652 
2.863 
.587 
.728 
1.374 
.650 
.134 
.596 
.318 
.919 
.814 
.389 
.269 
.116 
.070 
.695 
.534 
.270 
.022 
.111 
.298 
.165 
.680 
Table 6. Regressions of log ^  on log and log ^  
Lp P S 
Number of 
Industry observations 
(states) 
b c Sb Sc tc R^ a 
Food and kindred products 35 1. 575 -.025 .830 .348 -.071 .134 1. 629 
Textile mill products 18 2. 826 .117 .611 .192 .607 .606 3. 788 
Apparel and related products 18 1. 506 1.313 .946 .438 2 .998** .573 -. 839 
Lumber and wood products 14 1. 668 -.009 .391 .136 -.063 .919 1. 635 
Furniture and fixtures 19 2. 965 -.304 .330 .188 -1 .613 .840 1. 891 
Pulp, paper and products 28 1. 267 .228 .979 .056 4 .054** .632 1. 995 
Chemicals and products 31 3. 207 .134 1 .235 .097 1 .381 .315 3. 878 
Petroleum and coal products 18 3. 223 -.005 2 .412 .051 .100 .117 3. 201 
Rubber products 16 . 478 .328 .537 .184 1 .780* .161 1. 135 
Leather and leather goods 15 3. 154 -.137 .793 .240 -.570 .703 2. 541 
Stoner clay and glass 
products 25 1. 219 .330 .871 .328 1 .006 .570 4. 449 
Primairy metal products 28 1. 839 .135 .641 .096 1 .405 .330 2. 370 
Fabricated metal products 32 . 437 .391 3 .010 .251 1 .561 .109 1. 619 
Machinery except electrical 25 . 459 .532 .539 .179 2 .962** .365 4. 211 
Electrical machinery 22 1. 682 .545 .674 .220 2 .476* .470 12. 014 
Transportation equipment 26 1. 386 ; .515 1 .550 .268 1 .918* .280 -. 890 
Instruments and related 
products 12 2. 063 .551 .710 .258 2 .134* .788 21. 268 
'^'•indicates P £ 0.01. 
•indicates P < 0.05. 
Table 1, Regressions of log ^ on log and log 
Number of 
Industry observations 
(states) 
b c Sb Sc to R^ a 
Food and kindred products 35 1 .208 .315 .731 .256 1 .231 .173 2 .083 
Textile mill products 18 2 .607 .156 .562 .177 .878 .616 3 .938 
Apparel and related products 18 -.758 1.572 1 .471 .531 2 .962** .570 .323 
Lumber and woo4 products 14 1 .592 .018 .300 .088 .206 .919 1 .658 
Furniture and fixtures 19 2 .659 .056 .475 .169 .330 .815 2 .971 
Pulp, paper and products 28 .951 .254 .960 .056 4 .496** .662 1 .601 
Chemicals and products 31 3 .123 .159 1 .198 .090 1 .754* .341 3 .928 
Petroleum and coal products 18 .150 .170 3 .856 .1(59 1 .003 .172 .201 
Rubber products 16 .419 .406 .489 .141 2 .880** .277 1 .529 
Leather and leather goods 15 3 .342 -.215 .636 .166 -1 .295 .730 2 .425 
Stone,, clay and glass 
products 25 1 .801 .070 .930 .406 .174 .535 2 .129 
Primary metal products 28 1 .841 .120 .646 .095 1 .260 .319 1 .535 
Fabricated metal products 32 "" .929 .680 2 .582 .199 3 .411** .333 3 .454 
Machinery except electrical 25 .467 .515 .539 .174 2 .950** .363 3 .384 
Electrical machinery 22 1 .458 .482. ' ' .758 .242 1 .992* .420 6 .100 
Transportation equipment 26 1 .476 .561 1 .466 .263 2 .135* .303 -9 .775 
Instruments and related 
products 12 1 .956 .429 .879 .263 1 .630 .753 6 .586 
••indicates P £ 0.01. 
•indicates P < 0.05. 
Table 8. Regressions of log ^  on log W and log ~ 
^ EL___ L_ : E. 
Number of 
Industry observations 
(states) 
b c Sb Sc tc 1 CT 
Food and kindred products 35 1. 977 -.705 .746 .518 -1 .361 .181 32 .410 
Textile mill products 18 2. 821 .107 .657 .255 .419 .601 3 .673 
Apparel and related products 18 1. 516 1 .953 1 .073 .848 2 .302* .496 -.480 
Lumber and wood products 14 1. 636 .007 .310 .205 .037 .919 1 .663 
Furniture and fixtures 19 2. 888 -.456 .297 .213 -2 .143 .855 1 .559 
Pulp, paper arid products 28 1. 618 .316 .958 .083 3 .822** .615 3 .275 
Chemicals and products 31 3. 454 .229 1 .179 .162 1 .416 .318 4 .899 
Petroleum and coal products 18 . 624 .368 3 .035 .287 1 .283 .204 1 .390 
Rubbei: products 16 . 684 .400 .517 .248 1 .614 .146 2 .400 
Leather and leather goods 15 2. 276 .486 .525 .245 1 .986* .766 15 .589 
Stone,, clay and glass 
products 25 1. 488 .418 .784 .557 .750 .554 18 .370 
Primary metal products 28 1. 551 .379 .513 .094 4 .046** .581 4 .169 
Fabricated metal products 32 1. 734 .376 2 .881 .336 1 .119 .069 5 .819 
Machinery except electrical 25 . 843 .653 .432 .143 4 .549** .542 -9 .065 
Electrical machinery 22 1. 875 1 .034 .599 .312 3 .316** .556 -2 .967 
Transportation equipment 26 1. 379 1 .062 1 .433 .449 2 .363* .328 -.575 
Instruments and related 
products 12 2. 149 1 .061 .680 .489 2 .167* .790 -2 .908 
**indicates P < 0.01. 
•indicates P < 0.05. 
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IV. ESTIMATION OF THE PARAMETERS 
OF THE VES FUNCTION 
The VES functions, like the CES functions, are nonlinear 
in parameters, and thus a simple least squares procedure cannot 
be used to obtain the parameters. 
Kmenta (28) has derived an approximation method to esti­
mate the parameters of the CES functions, using Taylor's for­
mula for expansion around a fixed value of P=Pq* Consider the 
logarithmic transform of the CES function 
(4.1) log V = log y- ^  f(P) + u, 
where f(p) = log [ôK (1-6)L and n is a return to scale 
parameter. Expanding f(p) by Taylor's formula around zero 
gives 
(4.2) f(p) = -p[Ô log K + (1-6) log L] 
+  Y P ^ 6(l- 6 )  [log K - log L]^ 
- I p^G(1-6)(1-20) [log K - log L]^ + ... 
If the true value of p is close to zero, the terms of the third 
and higher order may be disregarded. Substituting (4.2) into 
(4.1) leads to 
(4.3) log V = log y + n6 log K + n(l-ô) log L 
- I pn6(l-6)(log K - log L)^. 
The error of approximating the CES function by (4.3) depends on 
the extent to which p departs from zero, on the ratio of the 
two inputs, and on the values of the remaining parameters. 
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Kmanta has indicated that the error of approximation is rela­
tively small for p<l. 
Using the approximation equation (4.3), the parameters of 
the CES function can easily be estimated by the least squares 
method applied to 
(4.4) log V = a^ + a^ log K + ag log L + a^dog K/L) u. 
Given the usual assumptions about the disturbance term u, 
consistent estimates of the CES function can be obtained from 
the least squares estimates a^ (r = 0,1,2,3) as follows; 
log Y = âg, 
/V 
n = a^ + ^ 2' 
S = âi/(âi+â2), 
0 = -2â2(âi+â2)/(âiâ2)• 
But the addition of the parameter c in the VES function makes 
the application of this method impossible. Attempts have been 
made to linearize (3.33) by expanding around (p,c) = (0,0), 
using Taylor's formula, but there are more parameters in the 
approximation equation than the numbers of parameters in the 
original equation. The restricted least squares method is 
also difficult to use, since the relationship between the new 
parameters is nonlinear. Expanding (3.30) around (p,c) = (0,0) 
results in less parameters in the approximation equation than 
the numbers of parameters in the original equation. 
There are, however, several alternative methods of fitting 
the VES function. 
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A. A First Method of Estimation 
A method specifying side conditions is most widely used 
in fitting CES functions. SMAC (2) use the marginal product 
and marginal rate of substitution side relations, Minasian (39) 
and McKinnon (38) use the marginal product side relation, and 
Brown and de Cani (8) use the marginal rate of substitution 
side relation. 
Under perfect competition the profit maximization condi­
tion equates the value of the marginal product of labor with 
the wage rate, i.e.. 
Since the output is measured by value added, its price (P) is 
unity. From (3.19) we have 
o 1 
(4.5) = aX"E yF = VJ. 
Solving for Y yields 
(4.6) y = a~^ X® . 
By substituting a = (1-6)y ^ into (4.6) we can derive 
% = (1-Ô) . 
Assume that technical change is neutral and proceeds at a con-
stant geometric rate so that y(t) ^ Yg® • Then, we can ob­
tain^ 
(4.7) log (^) = [b log (1-0) + (b-1) log YqI 
7 All logs refer to natural logarithms. 
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+ (1—b) log W + X(b-l) t - c log ^ 
or (4.8) log (^) = log W + Gg t + Bg log | 
where (4.9) 3q = b log (1-6) + (b-1) log Yq 
= (1-b) 
$2 = X(b-l) 
B3 = -c . 
Given the observations of labor's share relative total value 
added (^) , the wage rate, and the capital/labor ratio at each 
time period, the parameters 3*s can be estimated by use of 
the least squares method. From these estimates of 3's, it is 
easy to solve for estimates of b, X, and c, thus: 
b = 1 - 8^ 
e = - 83 . 
But there is only one relation (4.9) between and 6. There­
fore, we use the following relations to obtain separate esti­
mates of these parameters. 
From (4.9) we obtain 
g 
= log (1-6) + log ^  
or 
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Let g ^ 
(4.10) ^ ^ = antilog = e^ 
^0 
Substituting Y(t) = Yq 
into (3.16) gives ^ ^ 
Y = [(l~ô)TiX ^ + SX~^] P 
_c 
y'^Yq^©^^^ = (i-G)nx ^ + ax"P. 
Dividing through both sides of the equation by (1-6)X~^ yields 
(4.11, lê, = <i) " ^  -nx-:"' 
or lêj . - nC#,^ 
We may estimate 6 from (4.11) by using the average values of 
. The value of Yq' then, can be computed from (4.10) by 
the relation ^ 
(4.12) Yq = [q(l-6)]P . 
An alternative method of obtaining the estimates of ô 
and Yq is by using the estimates of b and c to fit a second 
regression. From (3.11) we have 
\7 i-i. 1-b-c 
(4.13) (^) b = g + ciTix ^ 
or (4.14) = gg + ^1^2 * 
V è The new variables = (^) 
1—b—c 
and Zg = X o 
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can be computed by using the values of b and c estimated by the 
first regression. A second regression is fitted to (4.14), and 
a and g can be solved from and g,; thus 
g u J. 
6 - $0 * 
The parameter Ô, then, can be obtained from a and 3 by the 
relation 
Î = . 
1 + a/% 
Substituting the value of S into (4.12) gives the estimates of 
YO' 
The weaknesses of this estimation method is the specificar-
tion of the side relations, which imposes additional assump­
tions on the estimation. In addition, the independent variable, 
the wage rate, enters into the dependent variable. If there 
are errors in the measurement of the wage rate, the wage rate 
will be correlated with the error term of the equation. Hence, 
unbiased and consistent estimates of 3's can not be estimated 
by the classical least squares method. 
B. A Second Method of Estimation 
This method is derived from the original function, based 
on which the VES function is derived. By substituting 
—b a = a 
= (1-6) 
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into (3.1) we obtain 
(4.15) log ^  = -b[log (l-ô) - plogy^j] 
+ X(l-b) t + b log W + c log X. 
Fitting regression to 
log V/L = Bq + g^t + ^2 log W + Gg log K/L 
gives the following estimation of the parameters: 
Again, there is one relation between 6 and Yq- Following the 
same procedure as in the first method, we get 
y P fo 
(4.16) q = = e'' . 
Substituting (4.16) into (4.11) yields the estimate of 6. 
The value of Yq can be obtained from (4.12). 
Given the estimates of b and c, we may also follow the 
same procedure as in the first method to obtain the remaining 
parameters 6 and Yq by fitting a regression to (4.14). 
C. A Third Method of Estimation 
The third method of fitting the VES function is that of 
using the method of successive approximation, for which computer 
programs are now available [e.g., Atkinson (3)]. This method 
estimates the parameters of the production function directly, 
49 
i.e., without the specification and estimation of the side 
relations. 
Hartley (19) has modified the well known 'Gauss-Newton' 
method of iterative solution. His method, while sharing the 
advantages of the Gauss-Newton method, has an additional merit 
of guaranteed convergence. It requires a starting value for 
each parameter to be estimated. These starting values, which 
may be obtained from other estimation methods such as the 
first and second methods, are then improved through minimization 
of the residual sum of squares. 
Consider the VES function (3.13) 
®2 ®4 — 
Y = [e^x ^ 04 
which can be rewritten in a general form as 
(4.17) Y = f (X;8) = f(X;ej^,02,63,64) 
where 
6]^  = an, 
*2 = -§ ' 
63 = 6, 
®4 " T • 
Given n sets of observed values of (Y^,X^), the classical least 
squares problem is to minimize 
n 2 (4.18) 0(8) = Z [Y,-f(X. 7 0)]"^ . 
h=l " * 
Linearizing f(Xj^;0) by use of a multiple first-order Taylor 
expansion at 6=8q results in 
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(4.19) f(x^;e) = f(X^;8Q) + .£^fi(Xn;eQ)(6^-6^0) 
where the zero subscript indicates the starting value, and 
9^-e^Q is the familiar Newton coefficient D^. Thus, Q(0) 
can be expressed as a linear function of the unknown Newton 
coefficients. By substituting (4.19) into (4.18), we have 
n 4 2 
(4.20) Q(6) = ^Z^[Yh-f(%byeo) - .Z^fi(Xh;8o)Di] . 
To minimize the sum of squares 0(6), take the partial deriva­
tives of Q(0) with respect to (i=l,2,3,4), 
= -2JtY^-f(Xj,;9o) - j fi{Xh!eo)D.]f.. 
1 h 1=1 
Equating to zero gives the following system of normal equations 
Sfifl Zf^fg ••• 
^^2^1 ^^2^2 ^^2^n 
J:Vi ^ V2 • • • Zfrnfin 
:[?h-f(%h'6o)]fi 
:[%h-f(%h;8o)f2 
LE[Yj^-f(Xh?eo)lf DH 
By assumption the matrix (Zf^fj) is non-singular and thus D 
can be solved by inverting the matrix (Sf^fj). At this point 
Hartley has modified the Gauss-Newton procedure. Let 
6.. = 6.. + vD., for 0<v<l. 
xl lu 1 
Then, Q is also a function of v, i.e., 
Q(v) = Q(X; 0 + V D). 
Find the value of v for which Q is a minimum on the interval 
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O^v^l and denote it by v*. Replacing 0^q in (4.20) by 
®il = ®iO + 
we have 
Q(X;e)<Q(X;0Q) . 
The above procedure is repeated until the value of the esti­
mated parameter converges to its true value. 
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V. TECHNICAL CHANGE 
So far we have discussed the properties of the VES produc­
tion function under the assumption that technique is given 
and unchanging over the period of investigation. That is, 
given the state of art, as one or both inputs of the factor 
of production are varied, productivity will behave accordingly. 
We will, now, proceed to investigate the effect of technical 
change on productivity if the underlying production function 
is of the VES form. 
A. Definition and Classification 
of Technical Change 
A flow of new technique leads to continuous changes in 
the production function. The shifts in the production function 
are defined by Solow (57, p. 312) as technical change. Tech­
nical progress enables a given level of output to be produced 
with less inputs or a given combination of inputs to produce 
a greater level of output. In general there are two types 
of technical change: neutral and non-neutral. Hicks (21, 
pp. 121-124) defines a neutral technical change as a pure 
scale change, leaving the marginal rates of substitution unchanged 
at given capital/labor ratios. Shifts in the production function 
are defined as non-neutral if they alter the marginal rates of 
substitution at given capital/labor ratios. The change can be 
either labor-saving or capital-saving. If the shifts in the pro-
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duction function are such that the marginal product of capital 
rises relative to the marginal product of labor for each com­
bination of capital and labor, the change is labor-saving, 
because the increase in the marginal product of capital will 
motivate the entrepreneur to use more capital than labor. 
If technical change increases the marginal product of labor 
relative to that of capital at given capital/labor ratios, 
labor-saving technical change occurs. 
Salter (50, pp. 31-33) criticizes that Hick's definitions 
do not, and cannot, provide any guide to the effects of tech­
nical change on productivity, and he proposes another set of 
definitions. He defines technical change as being neutral 
if the capital/labor ratios remains unchanged when relative 
factor prices are constant. If technical change increases the 
capital/labor ratios at constant relative factor prices, the 
change is labor-saving. On the other hand, if the shifts 
in the production function are such that the capital/labor 
ratios decline at given relative factor prices, capital-
saving technical change occurs. 
Since the marginal rate of substitution is equated with 
the factor price ratio at the equilibrium under perfect com­
petition, these two definitions are equivalent. 
Graphically, technical change can be viewed as the move­
ment of s series of successive dated production functions toward 
the origin as shown in Figure 4. In appearance the produc-
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Figure 4» Neutral technical change 
55 
Labor 
Figure 5» Capital-saving technical change 
56 
Labor 
Figure 60 Labor-saving technical change 
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tion functions look like a family of isoguants in production 
theory. But each production function represents the same level 
of output attainable by different levels of inputs. Each 
new production functioniis superior to its predecessor in the 
sense that less of one or more inputs is required to produce 
a given level of output while other inputs remain unchanged. 
Figures 5 and 6 are constructed with the same notation 
as Figure 4. Consider the production of only two periods. 
Before technical change occurs, the equilibrium combination of 
capital and labor is Pj^, where the marginal rate of substi­
tution of labor for capital is equated with its price ratio. 
Technical change causes the production function to move from 
to Vg, where the new equilibrium point Pg is attained when 
the factor price ratio is constant. Figure 4 shows that the 
marginal rate of substitution remains the same at given capital/ 
labor ratios after technical change. The new equilibrium point 
Pg falls on the line op^ which connects Pj^ and the origin. 
It represents a neutral technical change in the sense that both 
factors are saved in the same proportion. 
Figures 5 and 6 show that the new equilibrium points do 
not fall on the line op^, illustrating that one of the factors 
of production is saved more than the other. In Figure 5 
technical change increases the marginal rate of substitution 
of labor for capital,- ice=the marginal product of labor in­
creases relative to that of capital. The entrepreneur, then. 
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has an incentive to use more labor than capital. Therefore, 
the change is capital-saving, and the new equilibrium point Pg 
is shown on the right of op^. It is apparent from the figure 
that more capital is saved than labor. Using the same 
reasoning. Figure 6 represents labor-saving technical change. 
B. The Measurement of Technical Change 
Many attempts have been made to segregate the portion of 
total increase in output attributed to the growth in the capital 
stock from that attributed to technical change. A quantitative 
estimate of the relative importance of these two forces is of 
important to decision-makers in order to allocate resources 
between improving technique and expanding capital stock. 
The first important recent paper attempting to measure 
technical change has been presented by Solow (57). He has 
tried to estimate technical change from 1909 to 1947 for the 
private, non-farm sector, using the equation 
(5.1) ^ ^  ^ 
where A measures the effect of shifts in the production func­
tion, Y refers to output per unit of labor, X denotes the 
capital/labor ratio, and 
k^ = M • I 
which is capital's share relative to total output. He has 
concluded that technical change is neutral on the average and 
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that about 87-1/2 percent of the increase in gross output per 
man-hour is attributable to technical change, and the remain­
ing 12-1/2 percent to increased use of capital. 
Massell (32) has used Solow's method to estimate the 
proportion of total increase in output due to increases in 
capital input per man-hour and that due to technical change 
in the manufacturing sector. He has estimated that 90 percent 
of the increase in output per man-hour is attributable to 
technical change and given greatest importance to technical 
change. He says that "In view of these findings, policy­
makers may wish to concern themselves more with the variables 
which govern the rate at which innovations are injected into 
the economic system than with the variables which determine 
the rate at which additions are made to the capital stock. 
Such issues as expenditure by business on research and the poli­
cies of firms regarding the replacement of obsolescent equip­
ment will perhaps be deemed more important than the rate of 
net investment," (32, p. 188) and concludes that "The present 
paper offers evidence to support the view that technological 
change is of overriding importance in bringing about increased 
labor productivity over time and that there is a need for 
economists to shift emphasis from the theory of capital to the 
theory of technical progress, as an explanation of the growth 
in aggregate output." (32, p. IS?) These papers represent a 
general view held by many researchers in the late 1950's that 
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the larger part of the observed increase in output per head is 
a consequence of technical progress rather than of increased 
capital per head. 
In his second paper, Solow has gone some way toward at­
tributing greater importance back to capital. He says that 
"Improvements in technology affect output only to the extent 
that they are carried into practice either by net capital 
formation or by the replacement of old-fashioned equipment by 
the latest models, with a consequent shift in the distribution 
of equipment by date of birth." (54, p. 91) That is, technical 
progress occurs only when capital used embodies the new 
technology. Hence, the capital formation is important in 
order to make use of new methods. 
Several different methods have been used to estimate the 
effects of different types of technical change on output. 
One group of economists, e.g., Schultz (53), Mincer (40), 
Becker (4) and others, reason that labor and physical inputs 
are not the only factors which determine output. They argue, 
in addition that the growth of output also depends upon various 
types of investments in human beings, i.e., investments in 
human capital. Such investments may take the form of ex­
penditures for such things as health programs, formal education, 
or on-the-job training. Denison has used a simple approach to 
estimate the contribution of increased inputs, including edu­
cation, on the growth rate of real national income. He treats 
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a change in the average quality of labor in exactly the same 
way as an increase in its quantity. It is here education comes 
into his study. He concludes that "From 1929 to 1957 the 
amount of education the average worker had received was in­
creasing almost 2 percent a year, and this was raising the 
average quality of labor by 0.97 percent a year, and contri­
buting 0.67 percentage points to the growth rate of real 
national income." (11, p. 127) 
Other group of economists, e.g., Solow (55), Massell (33), 
Johansen (25), Nelson (43), and McCarthy (34,35), retain the 
two-factor production function framework and make use of the 
assumption that improvements which are embodied in physical 
equipment are "quantity augmenting." That is, improvements 
in the quality of capital can be treated as increases in the 
quantity of capital of a given quality. The increased effi­
ciency due to such improvements is referred to as "embodied 
technical progress." One of the first of the quantity 
augmenting models is developed by Solow (55). He uses the 
Cobb-Douglas function and assumes that all technical progress 
takes place through improvements which are embodied in new 
physical equipment. He does not consider disembodied technical 
progress, which includes such thiiigs as improvements in the 
quality of the labor force and reorganization of the existing 
and unchanged factors of production. McCarthy (34) incorporates 
both embodied and disembodied technical change in the Cobb-
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Douglas and CES models, and attempts to distinguish between 
the effects of embodied and disembodied technical progress on 
output. In such a model, according to McCarthy, embodied 
technical progress is in general non-neutral, and embodied as 
well as disembodied technical progress results in a neutral 
shift in the aggregate production function. 
Brown (6) uses an epochal method to measure a non-neutral 
technical change, based on the hypothesis that technical change 
is occurring in a discrete manner. Brown defines a technolo­
gical epoch as a period of time within which the short- and 
long-run production functions are stable. In other words, 
during the technological epoch only a neutral technical change 
takes place. These epochs are distinguished by a uniform 
technique where there are non-neutral shifts of the production 
function from one to another. During the end of an epoch the 
new technology is gradually going into use just as, during the 
first part of the next epoch, the old technology is gradually 
going out ôf use. 
To search for epochs the Cobb-Douglas function and the 
expansion path function of the CES function are fitted to an 
arbitrarily small period of time, say n-years, at the 
beginning of the overall period. This gives one set of esti­
mates. Another arbitrarily small period of time, say m 
years, continuous to the first set of observations is used for 
a second fit of the equations, yielding a second set of esti-
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mates. A third set of estimates is obtained by fitting the 
combined observation n+m of the two continuous time periods. 
An F test is used to examine whether a structure change has 
taken place between the first and second periods. If none has 
occurred the procedure is repeated on successive continuous 
time period. If there is a significant change in the para­
meters, a structure break is uncovered and the procedure is 
repeated, beginning with the observation right after the 
structure break. 
C. Technical Change in the VES Model 
Technical change shifts aggregate production functions, 
and shifts in aggregate production functions can be viewed as 
changes in the parameters of the production functions. There 
are four parameters in the VES production function: Y,ô,b, and 
c. We will proceed to investigate the nature of technical 
change in terms of changes in these parameters. 
An increase in the parameter y augments output but does 
not alter the marginal rate of substitution of labor for 
capital. It corresponds to a neutral technical change and is 
graphically represented by the movement of successive produc­
tion functions toward the origin. In an industry where tech­
nical change is rapid there will be large differences in the 
position of consecutive production functions, and in a tech­
nically stagnant industry the production functions will be 
bunched together. 
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From (3.32) we have 
(5.2) R= s&Y 
or 
R = f(X;ô,b,c) 
At given capital/labor ratios the marginal rate of substitution 
varies with changes in ô^b, and c. Hence, a non-neutral tech­
nical change is associated with changes in these parameters. 
Whether a change in a parameter is capital-saving, neutral, 
or labor-saving depends upon the partial derivative of R with 
respect to the parameter, as being greater, equal to, or less 
than zero. If the net effect of changes in these parameters 
is such that the marginal rate of substitution falls, remains 
constant, or rises, the underlying technical change is labor-
saving, neutral, or capital-saving. 
Suppose that a.mon-neutral technical change occurs such 
that only 6 is increased, then taking the partial derivative 
of R in (5.2) with respect to S yields 
c-1 
The marginal product of capital rises relative to that of labor; 
therefore, the change is labor-saving. 
The other sources of a non-neutral technical change are 
3R X ^  
36 " „2,, ^,2 ' 
where c-1 
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changes in the parameters b and c. By taking the partial 
derivative, of R in (5.2) with respect to b, we have 
H = - ;2 ] 
which is less than zero if log X is greater than zero. In 
other words, if the capital stock grows faster than the labor 
force, the non-neutral technical change which increases the 
o 
value of the parameter b is labor-saving. If log X is less 
than zero the change may or may not be capital-saving, 
depending upon the relative magnitude of the two terms in the 
bracket. 
The partial derivative of R with respect to c is 
II = - i K—log X,i . 
which is less than zero if log X is greater than zero and b is 
less than unity. In this case, the non-neutral technical 
change which increases the value of c is labor-saving. If 
log X is less than zero and b is greater than unity, the 
change is capital-saving. 
From the above analysis we may conclude that a non-neutral 
technical change which,increases the value of 6 is always labor-
saving. If log X is greater than zero and b is less than unity. 
The inequality log X>0 implies that log K-log L>0. 
The derivative of log X with respect to time (t) gives 
Ê/K - t/L>0. 
Therefore, log X>0 implies that capital grows faster than 
labor. 
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a non-neutral technical change which increases the value of 
b and/or c is always labor-saving. This proposition can be 
reasoned as follows by noting that increases in b and c imply 
a rise in the elasticity of substitution and that a rise in 
the elasticity of substitution implies that it is easier to 
substitute capital for labor at given capital/labor ratios. 
In other words, the non-neutral technical change permits a 
larger amount of capital to be substituted for labor. If 
capital grows faster than labor, capital will be substituted 
for labor at the margin in the production process. Therefore, 
in this case,the rise in b and c is capital-using, i.e., labor-
saving . 
D. Empirical Investigation of Technical 
Change in the Food 
and Kindred Products Industries 
1. The data 
We will now apply the VES production function to measure 
technical change in this section and to study the behavior 
of relative factor shares in the last section of the next 
chapter. For these purposes seven three-digit U.S. Food and 
Kindred Products Industries, Industries 201 to 207, were in­
cluded in this study. Industry 208 was excluded due to lack 
of capital data. 
In the empirical specification of production functions 
the collection of data is an important part of empirical work. 
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The fitted production functions can be correct to the extent 
that the data behind it reliably represents the relationship 
between inputs and output. Incomplete data will result in 
incomplete implications drawn from the fitted production 
functions. 
Construction of a series of data for fitting aggregate 
production functions is a difficult and intricate task, because 
the source of data which we rely on is always less than de­
sired for our purpose. It is necessary to make adjustments 
in the data which can with reasonable confidence be expected 
to improve them for the problem being investigated. But 
often the costs of adjustment may be too high relative to the 
benefits derived. 
Data concerning value added, payrolls, and employees were 
obtained from the Census of Manufactures (61) and the Annual 
Survey of Manufactures (60). Capital data were obtained from 
Appendix A of Stigler's Capital and Rates of Return in Manu­
facturing Industries (58) and Source Book of Statistics of 
Income (62). The variables included in this study were as 
follows ; 
a. V: Value added Value added by manufacture is de­
fined by the United States of Commerce as the value of shipment 
minus the cost of materials, supplies, fuel, electric energy, 
cost of resales and miscellaneous receipts. 
b. L: All employees The term all employees, according 
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to the United States Department of Commerce, consists of all 
full-time and part-time employees on the payrolls of operating 
manufacturing establishments who worked or received pay for 
any part of the pay period which included the 12th and ended 
nearest the 15th of the month specified on the report form. 
The employees of central offices and auxiliaries and officers 
of corporations are included, but proprietors and partners of 
unincorporated firms are excluded. 
c. Man-hour of production workers Man-hours of 
production workers comprises all plant man-hours of production 
and related workers. It represents all man-hours worked or paid 
for at the plant including actual overtime hours, excluding 
hours paid for vacations, holidays, or sick leaves. 
d. W: The average wage rate for all employees The 
average wage rate for all employees is obtained by dividing 
payrolls by the numbers of all employees, where payrolls in­
cludes the gross earnings paid to all employees on the payroll 
of manufacturing establishments. Payrolls include salaries 
of officers of corporations but exclude payments to the pro­
prietors and partners. 
e. W : The average wage rate for production workers The 
-2. : 
average wage rate for production workers is derived by dividing 
the total wage bills by the total man-hours of production workers. 
f. Ks The capital input The capital input is measured 
by book value of total assets as defined in Source Book of 
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Statistics of Income by the Internal Revenue Service. The main 
problem encountered in using the capital data is that the 
capital figures reflect changing price levels. It would be 
more desirable that the capital data be deflated to approximate ; 
capital in stable prices. Stigler (58, pp. 107-202) has calcu­
lated a series of capital values in 1947 prices from 1938 to 
1957 for two-digit manufacturing industries. But no sufficient 
data are available for the calculation of capital values in 
constant prices for three-digit industries. Therefore, the 
capital data in book values were used in this study. 
2. Methods and procedures 
To estimate the parameters of the VES production functions 
the above two sets of data, i«:e., total employees data and 
production workers data, were used to fit the equations (4.8) 
and (4.15) , which are the variation forms of the VES function. 
All together the following four regressions were fitted for each 
industry: 
a. log V/L = gg +$2^ t + log W + log K/L + e 
b. log V/Lp = BQ + t + $2 log Wp + $3 log K/L^ + e 
c. log W L/V = 3q + t + gg log W + log K/L + e 
d. log WpLp/V = 3q + g^ t + g2 log + g^ log K/L^ + e 
where all logs refer to natural logarithms. 
It can be shown by algebraic transformations that (4.8) 
an<$ (4.15) are identically the same. Therefore, the estimated 
parameters of the VES functions, including their standard errors. 
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of the first two regressions were exactly the same as those of 
2 the last two regressions as we expected, but the R 's were 
2 quite different. The R 's of the first two regressions were 
very high, ranging from 0.951 to 0.997, whereas those of the 
last two regressions were relatively low, ranging from 0.383 
to 0.927. However, they are equally good in term of fitting 
the VES functions, since they give identically the same residual 
sums of squares. 
The estimated values of the parameters of the VES functions 
are shown in TeJales 9 and 10. The figure in the parentheses 
denotes the standard error of the estimate above it. The code 
numbers refer to the Standard Industrial Classification (SIC) 
numbers used by the U.S. Department of Commerce. The corres­
ponding industry names are as follows: 
Code Number Industry Name 
201 Meat products 
202 Dairies 
203 Canned and frozen foods 
204 Grain mills 
205 Bakery products 
206 Sugar 
207 Candy and related products 
The parameters S and Yq based on total employees data were 
estimated by (4.11) and (4.12). They are shown in the fifth and 
the sixth columns of Table 9. But no reasonable estimates based 
V "K Table 9. Regressions of =- on t, W, and ^  
L» Xi 
industry ^ 
vations 
201 18 0. 
(0. 
7972 
2255) 
0 
(0 
.0028 
.1928) 
0 .0601 1 .5113 0 .5376 0 .9883 
202 18 0. 
(0. 
5805 
3108) 
0 
(0 
.1326 
.0352) 
0 .336 1 .3824 0 .7538 0 .9815 
203 18 0. 
(0. 
7802 
4707) 
0 
(0 
.0677 
.2277) 
0 .1126 1 .0662 0 .6001 0 .9843 
204 18 0. 
(0. 
4011 
2014) 
0 
(0 
.6078 
.1309) 
0 .0032 0 .0843 0 .9851 0 .9900 
205 18 0. 
(0. 
5740 
2112) 
-0 
(0 
.0196 
.0795) 
0 .0619 1 .5391 0 .7589 0 .9971 
206 18 0. 
(0. 
9837 
6259) 
0 
(0 
.9097 
.5090) 
-0 .8859 — 0 .0917 0 .9509 
207 18 -1. 
(0. 
2986 
7869) 
0 
(0 
,3603 
.2026) 
0 .0373 2 .6141 0 .1021 0 .9718 
Table 10 Regressions of § ft and K 
'p 
No. of 
Industry obser­
vations 
b C X R2 
201 18 0.8726 
(0.1689) 
0.0038 
(0.1687) 
0 .0790 0 .9907 
202 18 1.0221 
(0.0539) 
-0.0298 
(0.0340) 
-1 .2101 0 .9929 
203 18 0.3803 
(0.4918) 
0.2188 
(0.1905) 
0 .0585 0 .9853 
204 18 0.4829 
(0.2328) 
0.4714 
(0.1289) 
0 .0184 0 .9937 
205 18 1.0431 
(0.2214) 
-0.0692 
(0.1913) 
-0 .3358 0 .9933 
206 18 0.3412 
(0.6027) 
0.4641 
(0.4430) 
0 .0520 0 .9532 
207 18 -1.6439 
(0.5362) 
0.3939 
(0.1398) 
0 .0401 0 .9880 
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on production workers data were obtained, and, hence, they were 
not listed. 
The elasticity of substitution for each time period was 
computed by (3.34) using the values of the parameters in Table 
9. It can be seen from Table 11 that if b + c is less than 
unity, e.g.. Industries 201, 202, and 203, an increase in the 
capital/labor ratios increases the elasticity of substitution. 
In Industry 204, b + c is greater than unity. Hence, the in­
creased capital/labor ratios result in a decline in the elas­
ticity of substitution over time. 
3. Estimation of the proportion of the increase in output per 
unit of labor attributable to technical change and that 
attributable to increased capital intensity 
We have assumed that technical change is neutral and pro­
ceeds at a geometric rate such that 
Y = Yq . 
Under this assumption the annual rate of technical change can 
be obtained by taking the derivative of log y with respect to t, 
which is shown in column 5 of Tables 9 and 10. In Industry 201, 
the annual rate of technical change estimated by the VES func­
tion is 0.0601 based on total employees data. The estimate 
based on production workers data is 0.079. During this period 
the annual average growth rate of output per unit of labor based 
on total employees data is 4.85 percent and that based on 
Table 11. Changes in the elasticity of substitution 
Year 201 202 203 204 205 206 207 
1964 0.8029 0.7612 0.8932 2.1240 0.5461 -3.1388 -2.3046 
1963 0.8029 0.7596 0.8931 2.2355 0.5474 -*2.7479 -2.3069 
1962 0.8029 0.7564 0.8932 2.3890 0.5493 -2.4586 -2.2961 
1961 0.8028 0.7546 0.8933 2.6832 0.5497 -2.3937 -2.3052 
1960 0.8028 0.7534 0.8931 2.6968 0.5504 -2.2537 -2.3222 
1959 0.8028 0.7518 0.8930 2.7599 0.5507 -2.0387 -2.3452 
1958 0.8028 0.7492 0.8924 2.9447 0.5509 -1.9130 -2.3874 
1957 0.8027 0.7361 0.8926 3.5549 0.5515 -2.0114 -2.3070 
1956 0.8027 0.7381 0.8926 4.0297 0.5519 -2.0020 -2.4820 
1955 0.8027 0.7354 0.8920 4.7143 0.5516 -1.8549 -2.4885 
1954 0.8027 0.7336 0.8919 5.4219 0.5525 -1.7315 -2.5053 
1953 0.8027 0.7642 0.8915 6.5644 0.5523 -1.5074 -2.5101 
1952 0.8027 0.7667 0.8913 11.2683 0.5534 -1.5401 -2.5125 
1951 0.8027 0.7672 0.8910 7.9984 0.5534 -1.3753 -2.4905 
1950 0.8027 0.7619 0.8908 12.9880 0.5534 -1.2203 -2.7018 
1949 0.8026 0.7590 0.8902 -9.2142 0.5540 -0.9673 -2.7854 
1948 0.8026 0.7590 0.8903 -6.1026 0.5542 -0.9718 -2.7941 
1947 0.8026 0.7568 0.8897 37.9244 0.5546 -1.1839 -2.7553 
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production workers data is 5.15 percent. Apparently, the rate 
of technical change has been overestimated. 
In Industry 202, the annual rate of technical change esti­
mated by the VES function is 3.36 percent for total employees 
data. The rate based on production workers data is -121.01 
percent, which is not realistic. 
If we consider that the annual rate of technical change 
is 3.36 percent and that the technical change index in 1947 
is 
^47 = YO 
then, in 1964 the technical change index is 
^64 = Yq (1 + 0.0336)17 . 
Let be the ratio of to then, 
A^ = 1.772 
which is the full shift factor of the production function over 
18 years. During the same period output per man-year has in­
creased 2.1146 times from 6.4209 to 13.5799 based on total 
employees data, and output per man-hour based on production 
workers data has increased 3.7299 times from 3.7166 in 1947 
to 13.8609 in 1964 as shown in Table 13. Following Solow's 
(57) reasoning, we may segregate the effects of technical 
change and increased capital intensity on increase in output 
per unit of labor. Dividing the 1964 output 13.5799 by the 
shift factor 1.772 gives 7.6779, which would be the 1964 out­
put per man-year if the state of technique has remained con-
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stant. The increase in output per man-year of 1,2570 is at­
tributable to the increased use of capital. The ratio of 
I.2570 to 7.1590, which is the total increase in output per 
man-year contributed jointed by technical change and the in­
crease in capital, gives 17.36 percent of total increase in 
output per man-year attributable to the increase in capital 
and the remaining 82.64 percent to technical change. This 
reasoning follows directly from Solow's definition of techni­
cal change, which is considered as a residual. 
Massell (32) has employed Solow's model to estimate the 
rate of technical change, but he has used a different method 
to apportion the proportion of total increase in output per 
unit of labor due to technical change and that due to capital 
formation. Since technical change has shifted the production 
function by a factor of 1.772, he argues that with the same 
capital and labor combination as in 1947, 1.772 times of 1947 
output per man-year, i.e., 11.3778, can be produced in 1964. 
In other words, technical progress has increased the output 
per man-year from 6.4207 in 1947 to 11.3778 in 1964. Dividing 
II.3778 by the 1964 output per man-year 13.5799 yields 83.78 
percent, which indicates the proportion of the increase in 
output per man-year due to technical change. The remainder, 
which is not attributable to technical cheinge, must be due to 
the increased capital intensity. 
Algebraically, we may summarize Solow's and Massell's 
Table 12. Changes in labor's share, capital/labor ratios, wage rates, and labor 
productivity ' ' 
Industry 201 
Year WL V 
K 
L W 
V 
L 
VP 
V 
K 
"p 
V 
1964 0.5626 9. 8632 5. 7711 10 .2580 0 .4142 5 .8390 2.5155 6 .0727 
1963 0.5692 9. 8969 5. 4769 9 .6222 0 .4205 6 .1078 2.4971 5 .9383 
1962 0.5677 9. 7524 5. 4091 9 .5284 0 .4141 6 .0025 2.4288 5 .8647 
1961 0.5875 8. 6309 5. 1980 8 .8473 0 .4272 5 .3188 2.3291 5 .4522 
1960 0.5860 8. 8165 5. 0861 8 .6792 0 .4277 5 .4389 2.2900 5 .3542 
1959 0.5792 8. 8182 4. 8581 8 .3880 0 .4216 5 .5183 2.2132 5 .2492 
1958 0.5861 8. 4450 4. 6995 8 .0184 0 .4246 5 .4039 2.1786 5 .1309 
1957 0.5758 8. 1327 4. 6412 8 .0602 0 .4201 4 .9369 2.0555 4 .8929 
1956 0.5698 8. 1162 4. 4508 7 .8105 0 .4182 4 .8473 1.9510 4 .6647 
1955 0.5815 7. 9440 4. 2279 7 .2707 0 .4233 4 .8172 1.8664 4 .4089 
1954 0.6370 7. 5175 3. 9652 6 .2252 0 14636 4 .6411 1.7818 3 .8432 
1953 0.5935 7. 7499 3. 9255 6 .6137 0 .4404 4 .6700 1.7551 3 .9854 
1952 0.6022 7. 6894 3. 7621 6 .2478 0 .4451 4 .5227 1.6358 3 .6747 
1951 0.6255 7. 8729 3. 5552 5 .6839 0 .4570 4 .6629 1.5383 3 .3664 
1950 0.6004 7. 9142 3. 2014 5 .3326 0 .4379 4 .7201 1.3926 3 .1804 
1949 0.5722 6. 9063 3. 0380 5 .3095 0 .4205 4 .0729 1.3166 3 .1312 
1948 0.5941 7. 1599 2. 9452 4 .9578 0 .4401 4 .1216 1.2561 2 .8540 
1947 0.6106 6. 6390 2. 8492 4 . 6665 0 .4564 3 .7293 1.1965 2 .6213 
Annual average ' 
rate of growth 
-0.0041 0. 0248 0. 0426 0 .0485 -0 ^0051 0 .0283 0.0449 0 .0515 
Estimated rate of changes 
in labor' share relative 
to total output. 
-0.0037 -0.0045 
Table 13. Changes in labor's share, 
productivity 
capital/labor ratios, wage rates, and labor 
Industry 202 
Year WL V 
K 
L W 
V 
L Vp V 
K_ 
-
"p 
V_ 
^P 
1964 0. 4138 14 .9794 5. 6192 13 .5799 0 .1724 15.2895 2. 3901 13.8609 
1963 0. 4378 14 .2636 5. 4287 12 .4009 0 .1835 14.6379 2. 3357 12.7263 
1962 0. 4312 12 .9345 5. 1568 11 .9607 0 .1794 13.9067 2. 3076 12.8596 
1961 0. 4380 12 .1906 5. 0142 11 .4485 0 .1829 12.6774 2. 1781 11.9057 
1960 0. 4437 11 .7526 4. 8956 11 .0336 0 .1852 12.2030 2. 1218 11.4565 
1959 0. 4505 11 .1354 4. 5925 10 .1944 0 .1920 11.2415 1. 9757 10.2915 
1958 0. 4697 10 .2406 4. 5823 9 .7560 0 .2023 3.0256 0. 5830 2.8824 
1957 0. 4726 6 .4361 4. 2620 9 .0183 0 .2108 5.8413 1. 7255 8.1849 
1956 0. 4835 6 .9276 4. 0400 8 .3555 0 .2196 6.2228 1. 6484 7.5054 
1955 0. 4793 6 .2678 3. 9295 8 .1977 0 .2200 5.4443 1. 5668 7.1207 
1954 0. 4718 5 .8388 3. 8326 8 .1238 0 .2203 4.9699 1. 5231 6.9148 
1953 0. 4039 16 .4132 3. 4646 8 .5788 0 .2529 10.9225 1. 4440 5.7089 
1952 0. 4108 17 .6805 3. 1746 7 .7285 0 .2569 12.0479 1. 3529 5.2664 
1951 0. 4016 17 .9625 2. 9489 7 .3420 0 .2627 12.2722 1. 3178 5.0161 
1950 0. 4059 15 .3039 2. 6560 6 .5435 0 .2582 10.3746 1. 1454 4.4359 
1949 0. 3782 14 .0218 2. 6972 7 .1309 0 .2467 8.9729 1. 1256 4.5632 
1948 0. 3784 14 .0229 2. 5667 6 .7833 0 .2537 8.5382 1. 0472 411275 
1947 0. 3786 13 .0785 2. 4307 6 .4209 0 .2618 7.5708 6. 9732 3.7166 
Annual average 
rate of growth 
0.0064 
Estimated rate of changes 
in la±>or' share relative 
to total output 
0.0019 
0.0411 0.0511 0.0463 -0.0235 
-0.0255 
0.1524 0.1481 0.1807 
Ta&le 14, Changes in labor's share, capital/labor ratios, wage rates, and labor 
productivity ' ' 
Industry 203 
Year WL V 
K 
L W 
V 
L V p V 
K 
'p "p 
V_ 
1964 ' 0.3524 13. 2363 4. 1136 11 .6717 0 .2697 8 .0347 1. 9110 7 .0850 
1963 0.3454 12. 9738 3. 9199 11 .3502 0 .2652 7 .9719 1.8497 6 .9743 
1962 0.3718 13. 1129 3. 9060 10 .5059 0 .2828 7 .7622 1. 7585 6 .2190 
1961 0.3635 13. 2707 3. 7070 10 .1976 0 .2751 7 .9560 1. 6816 6 .1136 
1960 0.3632 13. 0149 3. 6022 9 .9187 0 .2764 7 .7356 1. 6297 5 .8953 
1959 0.3934 12. 5978 3. 4461 8 .7593 0 .3015 7 .5596 1. 5849 5 .2562 
1958 0.3936 11. 4212 3. 3080 8 .4045 0 .3040 7 .0063 1. 5675 5 .1558 
1957 0.4248 11. 8623 3. 0729 7 .2333 0 .3230 7 .5085 1. 4789 4 .5785 
1956 0.3827 11. 8573 3. 1300 8 .1798 0 .2984 7 .1839 1. 4788 4 .9559 
1955 0.4228 10. 7083 2. 8839 6 .8213 0 .3264 6 .5805 1. 3684 4 .1918 
1954 0.4176 10. 3875 2. 8762 6 .8872 0 .3224 6 .2259 1. 3309 4 .1279 
1953 0.4280 9. 7793 2. 7389 6 .3988 0 .3318 6 .0233 1. 3075 3 .9411 
1952 , 0.4440 9. 3406 2. 6631 5 .9976 0 .3466 5 .6999 1. 2685 3 .6599 
1951 0.4729 8. 9192 2. 5996 5 .4976 0 .3767 5 .2785 1. 2255 3 .2535 
1950 0.4182 8. 6639 2. 2979 5 .4941 0 .3229 5 .5312 1. 1327 3 .5076 
1949 0.4862 7. 7699 2. 2037 4 .5328 0 .3810 4 .9144 1. 0924 2 .8670 
1948 0.4716 7. 8783 2. 1406 4 .5394 0 .3756 4 .7344 1. 0246 2 .7280 
1947 0.4568 7. 0449 2. 0765 4 .5461 0 .3701 4 .0296 0. 9623 2 .6003 
1
 
1
 
average 
rate of growth 
-0.0128 0. 0388 0. 0416 0 .0601 -0 .0159 0 .0430 0. 0414 0 .0636 
Estimated rate of changes 
in labor' share relative 
to total output 
-0.0182 -0.0200 
Table 15. Changes in labor's share, 
productivity 
capital/labor ratios, wage rates, and labor 
Industry 204 
Year WL V 
K 
L W 
V 
L V 
K 
'p "p 
V 
1964 0. 2810 32 .0827 6 .0307 21 .4621 0 .1796 20 .9426 2. 5158 14. 0098 
1963 0. 2848 29 .5047 5 .7194 20 .0795 0 .1845 19 .4196 2. 4383 13. 2161 
1962 0. 3046 26 .8822 5 .5366 18 .1744 0 .1918 17 .5806 2. 2792 11. 8858 
1961 0. 3051 23 .5897 5 .4255 17 .7809 0 .1926 15 .4161 2. 2386 11. 6200 
1960 0. 3490 23 .4745 5 .8996 16 .9057 0 .1944 15 .4095 2. 1573 11. 0975 
1959 0. 2933 22 .9649 4 .9814 16 .9848 0 .1884 15 .1817 2. 1159 11. 2283 
1958 0. 3103 21 .7164 4 .8391 15 .5955 0 .2021 14 .5155 2. 1070 10. 4242 
1957 0. 3327 19 .1281 4 .4103 13 .2574 0 .2111 12 .6623 1. 8525 8. 7760 
1956 0. 3419 17 .9561 4 .2334 12 .3805 0 .2187 11 .7828 1. 7764 8. 1241 
1955 0. 3363 16 .8658 4 .0741 12 .1142 0 .2194 10 .8052 1. 7028 7. 7611 
1954 0. 3376 16 .1346 3 .9553 11 .7169 0 .2218 10 .2401 1. 6497 7. 4363 
1953 Oi 3348 15 .3830 3 .7888 , 11 .3150 0 .2277 9 .3221 1. 5614 6. 8568 
1952 0. 3366 14 .1369 3 .6667 10 .8944 0 .2291 8 .4039 1. 4838 6. 4763 
1951 0. 3368 14 .8125 3 .4983 10 .3856 0 .2289 8 .9670 1. 4392 6. 2871 
1950 0. 3282 13 .9360 3 .1707 9 .6609 0 .2206 8 .8213 1. 3491 6. 1152 
1949 0. 3654 11 .5778 2 .9461 8 .0634 0 .2479 7 .5758 1. 3082 5. 2762 
1948 0. 3376 11 .0820 2 .8637 8 .4835 0 .2315 6 .7251 1. 1917 5. 1482 
1947 0. 3112 13 .1552 2 .7534 8 .8475 0 .2159 7 .4826 1. 0863 5. 0324 
Annual average 
rate of growth 
-0.0034 0.0568 
Estimated rate of changes 
in labor' share relative 
to total output 
-0.0075 
0.0484 0.0553 -0.0098 
-0.0136 
0.0649 0.0512 0.0632 
Table 16. Changes in labor's share, capital/labor ratios, wage rates, and labor 
productivity 
Year WL V 
K 
L W 
Industry 205 
s  
K % V S  
1964 0.4951 7. 6507 5 .5767 11.2637 0.2599 6 .2212 2. 3805 9 .1592 
1963 0.4993 6. 9470 5 .4020 10.8188 0.2628 5 .7992 2. 3738 9 .0312 
1962 0.5169 5. 9062 5 .1441 9.9514 0.2657 4 .9573 2. 2190 8 .3527 
1961 0.5111 5. 6981 4 .9281 9.6422 0.2655 4 .7309 2. 1255 8 .0055 
1960 0.5061 5. 3587 4 .7990 9.4831 0.2630 4 .4412 2. 0674 7 .8595 
1959 0.5057 5. 1839 4 .6109 9.1178 0.2633 4 .3159 1. 9984 7 .5911 
1958 0.5062 5. 0573 4 .4256 8.7432 0.2638 4 .2474 1. 9373 7 .3430 
1957 0.5234 4. 7939 4 .2776 8.1725 0.2644 4 .0659 1. 8326 6 .9315 
1956 0.5347 4. 5663 4 .1270 7.7190 0.2749 3 .7595 1. 7471 6 .3551 
1955 0.5409 4. 7212 4 .0155 7.4239 0.2784 3 .8142 1. 6698 5 .9976 
1954 0.5459 4. 2870 3 .8627 7.0764 0.2852 3 .4437 1. 6215 5 .6845 
1953 0.5473 4. 3541 3 .6909 6.7434 0.3088 3 .3136 1. 5846 5 .1319 
1952 0.5570 3. 8432 3 .4879 6.2624 0.3038 2 .9471 1. 4591 4 .8022 
1951 0.5615 3. 8069 3 .3232 5.9188 0.3061 2 .8626 1. 3622 4 .4506 
1950 0.5582 3. 8192 3 .1151 5.5809 0.3073 2 .8045 1. 2593 4 .0980 
1949 0.5474 3. 5291 2 .9617 5.4102 0.3031 2 .5675 1. 1930 3 .9360 
1948 0.5534 3. 4235 2 .8529 5.1554 0.3084 2 .4295 1. 1282 3 .6585 
1947 0.5603 3. 2554 2 .7390 4.8889 0.3145 2 .2524 1. 0637 3 .3826 
Annual average 
rate of growth 
-0.0072 0. 0567 0 .0428 0.0505 -0.0109 0 .0625 0. 0487 0 .0607 
Estimated rate of changes 
in labor* share relative 
to total output 
-0.0070 -0.0122 
Table 17. Changes in labor's share, capital/labor ratios, wage rates, and labor 
productivity 
Industry 206 
Year WL V 
K 
L W 
V 
L V 
K 
"p 
V 
^P 
1964 0 .3934 46. 0462 6. 0541 15 .3884 0 .3038 25 .8030 2. 6196 8 .6233 
1963 0 .3203 42. 5867 5. 9129 18 .4608 0 .2467 24 .0439 2. 5714 10 .4227 
1962 0 .3672 39. 9140 5. 7281 15 .6006 0 .2838 22 .3709 2. 4818 8 .7438 
1961 0 .4085 39. 3002 5. 4570 13 .3598 0 .3167 22 .1714 2. 3870 7 .5370 
1960 0 .3756 37. 9599 5. 3280 14 .1839 0 .2923 21 .1924 2. 3149 7 .9186 
1959 0 .4110 35. 8526 4. 9104 11 .9465 0 .3283 20 .2624 2. 2163 6 .7517 
1958 0 .4225 34. 5943 4. 9%46 11 .6557 0 .3239 19 .2452 2. 1004 6 .4842 
1957 0 .3685 35. 5817 4. 7668 12 .9371 0 .2887 19 .4297 2. 0394 7 .0644 
1956 0 .3813 35. 4874 4. 5533 11 .9423 0 .2987 19 .3125 1. 9411 6 .4991 
1955 0 .4198 34. 0052 4. 1800 9 .9580 0 .3285 19 .2957 1. 8562 5 .6505 
1954 0 .4451 32. 7396 3. 9062 8 .7768 0 .3509 18 .5630 1. 7462 4 .9763 
1953 0 .5039 30. 3885 3. 7634 7 .4690 0 .4005 16 .6196 1. 6362 4 .0848 
1952 0 .4237 30. 7360 3. 5227 8 .3140 0 .3363 16 .8394 1. 5317 4 .5550 
1951 0 .4456 28; 9705 3. 2004 7 .1816 0 .3524 16 .3193 1. 4254 4 .0455 
1950 0 .4877 27. 2755 3. 0902 6 .3364 0 .3907 14 .7898 1. 3423 3 .4358 
19 4 Si 0 .5114 24. 4350 3. 1506 6 .1613 0 .4123 12 .9172 1. 3429 3 .2571 
1948 0 .4484 24, 4863 2. 8657 6 .3917 0 .3641 12 .7098 1. 2079 3 .3176 
1947 0 .3946 26. 8723 2. 6054 6 .6022 0 .3230 13 ,7506 1. 0910 3 .3783 
Annual average 
rata of growth 
0.0062 0.0333 0.0514 0.0578 0.0029 0.0390 0.0532 0.0631 
Estimated rate of changes 
in labor' share relative 
to total output 
-.9523 -0.0173 
Table 18. Changes in labor's share, capital/labor ratios, wage rates, and labor 
productivity 
Industry 207 
Year WL V 
K 
L W 
V 
L V p V 
K 
"p 
K 
^P 
1964 0.3721 11. 8101 4 .6938 12.6133 0 .2596 7 .4300 2.0600 7.9353 
1963 0.3661 11. 7506 4 .4902 12.2657 0 .2581 7 .3989 1.9933 7.7232 
1962 0.3901 12. 0392 4 .3931 11.2601 0 .2694 7 .5895 1.9120 7.0984 
1961 0.3863 11. 7942 4 .2567 11.0202 0 .2689 7 .4423 1.8696 6.9539 
1960 0.3878 11. 3687 4 .0995 10.5710 0 .2682 7 .2230 1.8014 6.7161 
1959 0.3943 10. 8576 3 .9429 9.9993 0 .2735 6 .8505 1.7255 6.3090 
1958 0.3992 10. 0662 3 .7360 9.3600 0 .2799 6 .4349 1.6745 5.9834 
1957 0.3957 11. 7471 3 .5784 9.0428 0 .2749 7 .5367 1.5946 5.8017 ' 
1956 0.4167 8. 7622 3 .4164 8.1995 0 .2896 5 .5939 1.5158 5.2347 
1955 0.4121 8. 6894 3 .2503 7.8868 0 .2867 5 .5519 1.4446 5.0391 
1954 0.4181 8. 5091 3 .1705 7.5829 0 .2970 5 .2943 1.4011 4.7180 
1953 0.4359 8. 4605 3 .0818 7.0694 0 .3107 5 .2350 1.3590 4.3743 
1952 0.4371 8. 4360 3 .0311 6.9344 0 .3070 5 .1333 1.2954 4.2195 
1951 0.4467 8. 6667 2 .9235 6.5444 0 .3141 5 .2509 1.2453 3.9651 
1950 0.4397 7. 0013 2 .6257 5.9715 0 .3076 4 .4332 1.1632 3.7811 
1949 0.4703 6. 5697 2 .6074 5.5440 0 .3327 3 .9583 1.1112 3.3403 
1948 0.4143 6. 5297 2 .4738 5.9715 0 .2966 3 .8584 1.0465 3.5286 
1947 0.3655 6. 7149 2 .3395 6.4013 0 .2652 3 .8925 0.9839 3.7107 
Annual average 
rate of growth 
0.0051 0. 0386 0 .0420 0.0418 0 .0000 0 .0433 0.0445 0.0525 
Estimated rate of changes 
in labor' share relative 
to total output 
-0.0043 -0.0054 
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methods as follows : 
Solow's method: 
(5.3) 1^° 
t o 
(5.4) = 1 - P% 
Massellb method: 
Y A. 
(5.6) P = -§-5. 
*t 
(5.7) Pj^ = 1 - P^ 
where P^ denotes the proportion of total increase in output 
per unit of labor attributable to the increased use of 
capital per unit of labor and P^ that proportion attributable 
to technical change. 
Although in the above example Massell's estimates are 
quite close to that of Solow, it seems that the former's 
method of estimation is misleading; it overestimates the 
proportion of the increase in output per unit of labor contri­
buted by technical change. In (5.6) we may consider as 
the 1964 output per man-year attainable by technical progress 
without changing the capital/labor ratio, but Y^A^ includes 
the increased output per man-year due to technical progress 
and 1947 output per man-year (Y^), which is the end product of 
some combination of technical change and capital formation in 
the past; Y^A^ does not denote the increased output per man-
year due to technical change only. The same is true for Y^, 
which includes Y^ and the total increased output per man-year 
84 
over the period of study. Therefore, dividing by does 
not give the proportion of total increased output per man-year 
due to technical change. The 1947 output per man-year Y^ 
should be subtracted from both A^Y^ and Y^. Hence, we propose 
the following modified method to estimate the proportion of 
the increased output per man-year due to technical change and 
that due to the increased use of capital: 
»... 
^ t ^o 
• p -
Using this formula, the estimated proportion of the increased 
output per man-year attributable to technical change is 69.24 
percent, which is quite low compared with Solow's estimate. 
The reason is that Solow subtracts the portion of the increased 
output per man-year contributed by the increased use of capital 
and imputes the residual to technical change, whereas the 
modified Massell method subtracts the portion of the increased 
output per man-year contributed by technical change and imputes 
the residual to increased capital intensity. If the portion of 
the increased output per man-year contributed by increased 
capital intensity and that contributed by technical change do 
not add up to the total increase in output per man-year, the re­
sults obtained by the tv7c methods will be different, in our 
example, the portion of the increased output per man-year 
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contributed by technical change is 
A^Yq - = 4.9569 
and that contributed by increased capital intensity is 
Y^/A^ - Y^ = 1.2570 . 
Adding 4.9569 to 1.2570 results in 6.2139, which is not equal 
to the increased output per man-year of 7.1590. Solow imputes 
the residual after subtracting the portion of the increased 
output per unit of labor due to technical change and that due 
to increased use of capital, which is equal to 0.9451, to 
technical change, while in the modified Massell method the 
residual is imputed to increased capital intensity. Therefore, 
Solow's method overestimates the proportion of the increased 
output per man-year due to technical change, whereas the modi­
fied Massell method overestimates that due to increased capital 
intensity. 
Both Solow's and the modified Massell methods can be used 
for the purpose of rough calculation. They are not satis­
factory methods for the measurement of the effects of technical 
change and the increase in capital on the increased output per 
man-year, because their estimates are influenced by extreme 
or unusual values of the first and last years of the period under 
investigation. Therefore, the results obtained by using these 
methods may be biased. For example, in Industry 206 the output 
per man-hour based on production worker^data has risen 2.5526 
times from 3.3783 in 1947 to 8.6233 in 1964 as shown in Table 
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17. The proportion of the increased output per man-hour due 
to technical change is 91.59 percent estimated by the modified 
Massell method and 97.20 percent by Solow's method. If we 
leave out the observations of 1947 and 1964 and observe only 
the period 1948 to 1963, then the output per man-hour has in­
creased 3.1416 times from 3.3176 in 1948 to 10.4427 in 1963, 
and the technical change index of 1963 is 2.577 times of that 
of 1948. The proportion of the increased output per man-hour 
due to technical change estimated by the modified Massell 
method is 73.64 percent and that estimated by Solow's method 
is 89.77 percent. The variations of the estimated proportions 
of the increased output per man-hour are very large with only 
a slight change in the period of observation. 
In order to overcome this difficulty, we may use the 
annual average rate of growth of outJ>ut per unit of labor to 
compute the ratio of to Y^. The annual average growth rate 
of output per unit of labor can be computed by 
<5-9) N-1 
where N denotes the number of years of observation. Let Y^ 
be the output per unit of labor in 1947 and Y^ that in 1964, 
then 
<5.10) = Y^(l + ry)" . 
17 Therefore, the 1964 output per unit of labor is (1 + r^) 
times of that of 1947. In Industry 202, the annual average rate 
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of growth of output per man-year based on total employees 
data is 0.0463 as shown in Table 13, and the rate of technical 
progress is 0.0336. The proportion of the increased output 
per man-year due to technical change is 69.24 percent esti­
mated by the modified Massell method and 82.64 percent esti­
mated by Solow's method. 
Tables 19 and 20 summarize the proportion of the increased 
output per unit of labor due to technical change and that due 
to increased capital intensity. In Table 19 and were 
obtained directly from Tables 12 through 18, whereas in Table 
20, the annual average rate of growth of output per unit of 
labor (r^), which value is shown in the second row from the 
bottom in Tables 12 to 18, was used to compute Y^ using (5.10). 
The industry with a dash in its entry indicates that in 
that industry the rate of technical change was overestimated 
or negative, and no reasonable proportion of the increased 
output per unit of labor due to technical change and that due 
to capital formation were obtained. 
As pointed out before, if the residual is positive, 
Solow's method overestimates the proportion of the increased 
output per unit of labor due to technical change, whereas the 
modified Massell method underestimates this proportion. If 
the residual is negative, the situation is reversed. If there 
are no better ways to impute the residual between technical 
change and the increased use of capital, the average value of 
Table 19. Proportion of the increased labor 
and that due to capital formation 
productivity due to technical change 
Percent of increased labor 
productivity due to 
Technical change Capital formation 
Solow's Modif. Solow's Modif. 
Industry Data A. 
Massell Massell 
201 Total employees 
Production workers 
2.778 
5.847 
2.281 
2.400 
- -
-
202 Total employees 
Production workers 
1.772 2.197 79. 97 64. 49 20. 03 35.51 
203 Total employees 
Production workers 
6.781 
2.703 
2.778 
2.949 95. 33 87. 38 4. 67 12.62 
204 Total employees 
Production workers 
1.056 
1.368 
2.561 
2.928 
8. 
40. 
70 
85 
9. 
19. 
98 
09 
91. 
59. 
30 
15 
90.02 
80.91 
205 Total employees 
Production workers 
2.866 2.359 - -
206 Total employees 
Production workers 2.422 2.923 89. 24 73. 75 10. 76 26.25 
207 Total employees 
Production workers 
1.900 
1.976 
2.035 
2.441 
93. 
83. 
13 
67 
86. 
67. 
96 
73 
6. 
16. 
87 
33 
13.04 
32.27 
Table 20. Proportion of the increased labor productivity due to technical change 
and that due to capital formation 
increased labor 
productivity due to 
Technical change Capital formation 
Solow's Modif. Solow's Modif. 
Industry Data 
Massell Massell 
201 Total employees 
Production workers 
2.778 
5.847 
2.198 
2.317 -
- -
-
202 Total employees 
Production workers 
1.772 2.115 82.64 69.24 17.36 30.76 
203 Total employees 
Production workers 
6.781 
2.703 
2.567 
2.949 99.20 98.75 0.80 1.25 
204 Total employees 
Production workers 
1.056 
1.368 
2.561 
2.784 
9.02 
41.98 
3.93 
19.09 
90.98 
58.02 
96.07 
80.91 
205 Total employees 
Production workers 
2.866 2.304 -
-
-
-
206 Total employees 
Production workers 2.422 2.552 97.20 91.59 2.80 8.41 
207 Total employees 
Production workers 
1.900 
1.976 
1.9704 
2.1385 
96.18 
92.77 
92.95 
85.73 
3.82 
7.23 
7.05 
14.27 
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Solow's and the modified Massell estimates may give better 
measurement of the proportion of the increased output per 
unit of labor due to technical change and that due to the 
increased capital intensity. 
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VI. RELATIVE FACTOR SHARES AND 
TECHNICAL CHANGE 
A.' Introduction 
Relative factor shares represent the relative pay-offs of 
production factors associated with their relative contribu­
tions to the total product. They are the end results of the 
interactions of many forces, such as the elasticity of substi­
tution, relative supply of the factors of production, wage 
rates, technical change, saving, government fiscal policy, 
imperfect competitution, and business cycle (6). 
It has been widely believed that labor's share relative to 
the total output was constant in the late nineteenth and early 
twentieth century. A number of attempts have been made to 
explore and to explain this remarkable fact. Of these at­
tempts the most important contributions, according to Reder 
(47), are marginal productivity theories, "make-up" theories, 
and "widor's cruse" theories. 
In using the marginal productivity theories to explain 
the behavior of relative factor shares, it is necessary to 
specify the form of the production function. 
B. Relative Factor Shares in the 
Cobb-Douglas Model 
The usual explanation of the constancy of the relative 
factor shares by the marginal productivity theories is based 
upon the hypothesis that the underlying production function is 
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of the Cobb-Douglas type: 
V = YL" 
Under perfect competition, the wage rate is equated with the 
marginal product of labor; 
E = «V/L 
= w. 
The relative share of labor in the total output is the ratio 
of its total reward (the wage rate times the amount of labor 
service used) to the total output, iu e., 
which is a constant. By the same token we c n obtain capital's 
share, which is equal to 3. On this model, changes in relative 
factor shares can be explained only by shifts in the production 
functions, i.e., changes in techniques. 
Recently, the underlying assumption of the Cobb-Douglas 
function that the elasticity of substitution is unity has been 
attacked and the constancy of the relative factor shares has 
been questioned. Kravis (29) has examined U.S. data for the 
period from 1900 to 1957 and has concluded that the notion of 
long-run constancy in the relative factor shares is false; the 
labor's share has risen from 55 percent of national income at 
the beginning of the century to 67 percent in the 1930's and 
has remained at approximately that level in the ensuing decades. 
Johnson (26), studying the functional distribution of income in 
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the United States during the period 1850 to 1952, has observed 
that employee compensation increased from 55.0 percent of 
national income in 1900-1909 to 64.3 percent in 1947-1952. 
Solow (56) also has estimated that the share of compensation 
of employees rose from 58.2 percent of national income in 
1929 to 68.9 percent in 1955. 
As pointed out before, many empirical evidences have 
shown that the elasticity of substitution is not unity. 
Therefore, the Cobb-Douglas function fails to explain the 
changes in the relative factor shares. 
C. Relative Factor Shares in the CES Model 
Since the introduction of the CES production function in 
1961, many attempts have been made to explain the relationship 
between the elasticity of substitution and the behavior of 
relative factor shares based on this production function 
[e.g.. Brown (6,8)]. On this model, changes in relative factor 
shares need not be explained by shifts in the production func­
tion; changes in the relative combination of factor inputs alone 
may change the relative factor shares. From (3.31) we have 
(6-1) S = I 
= ^ <e)"-
If a is less than unity, an increase in the capital stock 
relative to the labor force will result in an increase in 
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labor's share relative to that of capital. If a is equal to 
unity, which, is the case of the Cobb-Douglas model, the rela­
tive shares will remain constant with changing capital/labor 
ratios. If a is greater than unity, an increased capital/ 
labor ratio will raise capital's share relative to that of 
labor. 
As previously mentioned, the weakness of this model is 
that the formulation of the CES function has ignored the 
capital/labor ratio, which plays an important role in explaining 
the behavior of relative factor shares. Furthermore, if the 
parameter c is not equal to zero, the estimated value of a in the 
CES model is biased. 
D. Relative Factor Shares in the VES Model 
The relationship between relative factor shares, the para­
meters of the VES function, and the capital/labor ratio can be 
derived from (3.32) as follows: 
^ " i " i ' 
Where A = and B = b+^-l ' 
If technique is unchanging, (6.2) states that an increase in 
the capital/labor ratio will raise, hold constant, or reduce 
labor's share relative to that of capital, depending upon 
whether A(or b + c - 1) is less than, equal to, or greater 
than zero. 
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From the foregoing study, we know that an increase in 
X(the capital/labor ratio) will increase, hold constant, or 
decrease the elasticity of substitution, depending upon the 
parameters b and c. Ifb+c-l>0, the value of a declines 
with an increased X and approaches b/(l^c), which is greater 
than unity, as X increases without limit. On the other hand, 
if B + c - 1 is less than zero, the value of a increases from 
b/Cl-c), which is less than unity, to unity as X increases 
from zero to infinity. 
The effect on the relative factor shares of changes in a 
due to changes in X with given values of b and c can be shown 
by 
I = S = <1 - È 
which is derived from (3.25). The partial derivative of R/X 
with respect to a gives 
which is positive if b and c have the same sign. Under this 
condition an increase in o will always raise the share of labor 
relative to that of capital. Therefore, we may conclude that 
if b+c is greater than unity, a also is greater than unity and 
an increase in X will decrease the value of a as well as 
labor's share relative to capital's share. On the contrary, if 
b+c is less than unity, so is cr. An increase in X will in­
crease the value of a as well as the relative share of labor 
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to capital. 
E. Effects of Technical Change on 
Relative Factor Shares 
The above discussion assumed that the state of technique 
is unchanged. The relative factor shares, however, are closely 
related to technical change. The obvious connection is that, 
under technical change, both marginal products pf labor and 
capital increase. Furthermore, technical change may be non-
neutral; the change may increase the marginal product of labor 
more than that of capital or vice versa. Thus, technical 
change may change the relative marginal products of factor 
inputs and hence change the relative factor shares. 
The effects on the relative factor shares of the relative 
supply of capital and labor, changes in the elasticity of sub­
stitution, and growth of the wage rates can be seen by differ­
entiating (4.7) totally with respect to t(time), 
(6.3) I = (1-b) 1 - c i + X(b-l) , 
where S refers to labor's share relative to total output and a 
dot on the variable denotes the derivative of that variable 
with respect to time. It is obvious from (6.3) that the 
direction and the rate of changes in labor's share relative to 
total output depend upon the parameters of the production 
function b and c, the growth rate of the wage rates, the rate 
of changes in the capital/labor ratio, and the rate of tech­
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nical change. Ifb<l, c>0, and X > 0, as was true in most 
of the cases we observed in the Food and Kindred Products 
Industries, an increase in the wage rate will raise the share 
of labor, while an increase in the capital/labor ratios will 
reduce labor's share relative to the total product. If we 
assume that the state of technique is constant, i.e., A = o, 
an increase in the wage rates and the capital/labor ratios will 
raise, hold constant, or decrease labor's share relative to 
total output, depending upon the result of the interaction of 
two forces ; labor's share raising force, (1-b) ^  , and 
capital's share raising force, c — . 
Under perfect competition the marginal rate of substitu­
tion is equated with the factor price ratio, 
R = W/r. 
Then, we may redefine the elasticity of substitution as 
X ' w 
r 
When b + c is less than unity, so is a. This implies that the 
factor price ratio grows at a rate faster than that of the 
capital/labor ratio, 
ax , 
X w 
or 
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where the right side term can be rewritten as 
È L - t  i  
W W r * 
r 
If the rate of return to capital is not declining over time, 
i.e., r ^  0, then 
(6.5) -
r 
From the relation b + c < 1, we have 
(6.6) 1 - b > c. 
It follows from (6.4) , (6.5) , and (6.6) that if b + c < 1, then 
(1-b) I > c I . 
Hence, an increase in the wage rate and the capital/labor ratio 
will raise labor's share. Following the same procedure, we may 
conclude that if b + c > 1, an increased wage rate and capital/ 
labor ratio will decrease labor's share. 
When technical change occurs, the increment of output due 
to technical change may be entirely allocated to capital or 
labor, depending upon the parameters of the production function. 
In the model of (6.3) the increment of output due to technical 
change will be allocated entirely to labor if b is greater than 
unity. If b is less than unity, technical change will favor 
capital's share. 
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F. Empirical Investigation of Factor Shares 
in the Food and Kindred Products Industries 
Changes in labor's share relative to total output, wage 
rates, and capital/labor ratios of the seven industries over 
the period 1947 to 1964 for both total employees data and 
production workers data are shown in Tables 12 through 18. 
In all seven industries, the wage rates and the capital/labor 
ratios based on both total employees data and production workers 
data have increased over time. The average annual growth rate 
for each variable computed by (5.9) is listed in the second 
row from the bottom, and the estimated growth rate of labor's 
share relative to total output is listed in the last row. 
In Industry 201, the values of the parameters of the 
production function based on total employees data are: 
b = 0.7972, c = 0.0028, and X = 0.060&. The annual growth 
rate of the capital/labor ratio is 0.0248, and that of the 
wage rate is 0.0426. Since b + c is less than unity, the 
labor' share raising force is greater than that of capital. 
Hence, labor's share would have increased at a rate of 0.85 
percent a year if technical change had not occurred. Apparent­
ly, this is not true. The observed labor's share relative to 
total output, in fact, has declined at a rate of 0.41 percent 
a year. During this period technical change has taken place 
at an average rate of 6.01 percent a year. Since b is less 
than unity, changes in technique will depress labor's share 
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relative to total output by an annual rate of 
X(l-b) = 1.22 percent 
and the net effect of the three forces is -0.37 percent. 
Therefore, we will expect that labor's share relative to total 
output would decline slightly over time. This estimation is 
quite close to the observed rate of changes in labor's share 
relative to total output, which is -0.41 percent. 
In the same industry based on production workers data, 
the rate of changes of labor's share relative to total output 
is estimated to be -0.45 percent a year, while the observed 
rate of changes is -0.51 percent a year. 
In Industry 204, based on total employees data, b + c 
= 1.0089, which is greater than unity. Since both capital/ 
labor ratios and wage rates have increased over time, labor' 
share relative to total output would have declined at a rate 
of 0.55 percent a year in the absence of technical change as 
estimated by the model. Since b is less than unity, technical 
change will further reduce the rate of changes in labor's share 
relative to total output. 
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VII. SUMMARY AND CONCLUSIONS 
This study has consisted of two general parts : the 
first part reviewed fixed coefficient, Cobb-Douglas, and CES 
production functions, and derived a VES production function 
which includes the other three forms of production functions 
as special cases; and the second part used the production 
function as a tool to the measurement of the rate of technical 
change, the estimation of the proportion of the increase in 
output per unit of labor attributable to technical change and 
that attributable to the capital formation, and the study of 
the behavior of factor shares. 
A. Production Functions 
In many fields of economic analysis, such as the deter­
mination of the optimum pattern of international, interregional, 
intersectoral, or intertemporal allocation of resources; the 
measurement of technical change; the study of the behavior of 
relative factor shares; the estimation of demand for factors 
of production and supply of products; and economic growth, 
it is necessary to specify explicitly the form of production 
functions. In aggregate models, fixed coefficient and Cobb-
Douglas functions are most widely used, because they are simple 
to explain and easy to fit. But they are too restrictive in 
some economic applications. Recently, Arrow, Chenery, Minnas, 
and Solow have introduced the CES function, which includes fixed 
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coefficient and Cobb-Douglas functions as special cases. It 
is less restrictive in economic applications, but the main 
weakness of the CES production function seems to be its 
empirical starting point. The derivation of the CES function 
is based upon the assumption that the partial regression 
coefficient of log =- is equal to zero. The above assumption Jj 
does not seem realistic. This position is supported by our 
empirical findings. It is also restrictive to assume that 
the elasticity of substitution between capital and labor is 
constant, especially in the study of the behavior of relative 
factor shares. Therefore, we have derived a more general 
form of the production function that does not depend upon 
SMAC assumption of independence and which includes the CES 
function as a special case. Our generalized production func-^ 
tion has the property of variable elasticity of substitution. 
We have shown that the elasticity of substitution esti­
mated by the CES function will be the same as the estimate by 
the VES function if the partial regression coefficient of log 
— turns out to be zero. To test the validity of this assump-If 
tion, U.S. data for 1957 on 17 two-digit industries were used 
to fit the regressions of the logarithmic functions of value 
added per unit of labor on the wage rate, and value added per 
unit of labor on the wage rate and capital per unit of labor. 
The results from our regression analysis strongly suggested 
that the partial regression coefficient of log ^ is not equal 
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to zero. Therefore, we cannot conclude that the elasticity 
of substitution estimated by the CES function and by the VES 
function are equal. 
It has been shown that the VBS function satisfies the 
following criteria; (i) the marginal products are positive, 
(ii) the marginal products slope downward over the relevant 
ranges of the inputs, and (iii) the function may characterize 
any degree of returns to scale. 
Moving along an isoquant, the elasticity of substitution 
of the VES function varies with changes in the capital/labor 
ratios. The elasticity of substitution will increase, remain 
constant, or decrease with increased capital/labor ratio, 
depending upon whether the sum of the parameters, b and c, is 
less than, equal to, or greater than unity. 
The VES function possesses the same limitations as the 
CES function. First, it is difficult to generalize the VES 
function to allow more than two inputs. Second, the VES 
function is non-linear in parameters; it is difficult to esti­
mate the parameters. Third, in the case of non-constant re­
turns to scale, the equation for the elasticity of substitu­
tion becomes very complicated. 
However, the VES function has taken account of capital as 
a variable in its derivation. It has the property of variable 
elasticity of substitution and includes the CES function as a 
special case. In the absence of the knowledge about the c 
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value, the VES function may be used profitably. 
B. Applications of Production Functions on the 
Study of Technical Change 
and Relative Factor Shares 
1. Technical change and capital formation 
Technical change and capital formation are widely recog­
nized as the sources of economic growth. Output can be in­
creased through allocation of resources on either the expansion 
of the existing capital stock or research and development for 
technical advance. In order to make optimum allocation of a 
given amount of resources between the expansion of the existing 
capital stock and research and development for technical ad­
vance, the quantitative estimate of the relative importance 
of technical change and capital formation in contributing to 
the increase in output per unit of labor is indispensable. 
Two sets of data, i.e., total employees data and produc­
tion workers data, from 1947 to 1964 in seven three-digit 
Food and Kindred Products Industries were used to fit regres­
sions of (4.8) in order to obtain the rate of technical change 
and other parameters of the production function. Both Solow's 
and Massell's methods were used to estimate the proportion of 
the increase in output per unit of labor attributable to tech­
nical change and that attributable to capital formation. We 
have pointed out that Massell's method is biased, and we have 
modified his method. 
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Both Solow's and the modified Massell methods use the 
ratio of the last year's output per unit of labor to the first 
year's output per unit of labor as an index for the measurement 
of the increase in output per unit of labor over the period of 
investigation. We have pointed out that the index is not 
reliable, since it is influenced fay extreme or unusual values 
of the last and the first year's output per unit of labor. 
Hence, we have suggested that the growth rate of output per 
unit of labor, which can be computed by (5.9), be used to 
estimate the increase in output per unit of labor. 
The results of our analysis showed that the proportion 
of the increase in output per unit of labor due to technical 
change and that due to capital formation estimated by Solow's 
method are different from those by the modified Massell method. 
The reason is that Solow's method imputes the residual, which 
is the increased output per unit of labor subtracting the 
portion of the increased output per unit of labor contributed 
by technical change and that contributed by capital formation, 
to technical change; whereas the modified Massell method im­
putes the residual to capital formation. Therefore, if the 
residual is positive, as was true in most of the cases wei 
observed in the Food and Kindred Products Industries, Solow's 
method overestimates the portion contributed by technical 
change, whereas the modified Massell method overestimates the 
portion contributed by capital formation. If the residual is 
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negative, this conclusion is reversed. 
Our empirical results indicated that technical progress had 
played an important role in the increased output per unit of 
labor. In most industries we observed, more than sixty per­
cent of the increased output per unit of labor was contributed 
by technical progress. But the role of capital formation still 
cannot be overridden, since most technical progress is embodied 
in the new capital stock. Capital formation is essential for 
technical progress. 
2. Relative factor shares 
Many factors affect changes in relative factor shares. 
In the VES model, changes in relative factor shares depend upon 
the parameters of the production function, the relative supply 
of capital and the labor force, the growth of wage rates, and 
technical change. An increase in the wage rate arid the 
capital/labor ratio will raise labor's share relative to total 
output, if b+c is less than unity. If b+c is greater than 
unity, an increased wage rate and capital/labor ratio will 
result in a decline in labor's share relative to total output. 
The increased output due to technical progress will be allo­
cated in favor of labor's share if b is greater than unity. If 
b is less than unity, technical progress will favor capital's 
share. 
In all seven industries we observed, wage rates and capital/ 
labor ratios had increased quite rapidly in the period of ob­
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servation. In most industries b+c was less than unity, and so 
was b. Therefore, we estimated that labor's share relative to 
total output would decline slightly over time. This estimation 
was quite consistent with our empirical observations. 
i ' 
C. Suggestions for Further Research 
1. Technical change is defined as shifts in the production 
function, and shifts in the production function imply changes 
in the parameters of the production function. There are four 
parameters in the VES function, but we have allowed only one 
parameter to vary. The other three parameters actually may 
have varied over time. If the combination of time series and 
cross-section data are available, we may postulate that all the 
parameters of the VES function are varied over time and examine 
the effects of changes in these parameters on the types of 
technical change and the behavior of relative factor shares. 
2. Another important field of economic research closely 
related to our study is economic growth. It may be interesting 
to introduce the VES function into a macroeconomic model of 
economic growth. An important implication concerning the growth 
rate of capital/labor ratios, saving rates, and economic growth 
may be uncovered. 
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